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Abstract
In recent research on modelling road collisions very little attention has been paid to rear-end chain
reaction collisions, which is characterized by more than two vehicles involved in a collision at
the same time. The core aim of the present research is to develop a methodology to estimate such
potential collision probabilities based on a proactive perspective, where deceleration rate to avoid
collision is used as a surrogate safety measure. To consider the uncertainty of variables in estimating the N-vehicle rear-end collision, a methodology based on Monte Carlo simulation is proposed.
To show the applicability of the proposed methodology, the NGSIM trajectory database of I-80
interstate freeway is used. The probability density function for drivers’ response time is developed
through the analysis of 1534 car following situations detected in 45 minutes of movement. The
SRWHQWLDOULVNRIWZRWR¿YHYHKLFOHUHDFWLRQFROOLVLRQVLQD¿YHYHKLFOHSODWRRQLVHVWLPDWHGE\
running the simulation through 20 thousand substitutions of randomized generation values drawn
IURPSUREDELOLW\GHQVLW\IXQFWLRQRIUHVSRQVHWLPHDQGPD[LPXPDYDLODEOHGHFHOHUDWLRQUDWHLQD
following outcome function. Results show that avoiding rear-end collision should be considered
DVDVKDUHGUHVSRQVLELOLW\DPRQJWKHGULYHUVLQWKHSODWRRQ$VH[SHFWHGWKHPHWKRGRORJ\FRQsiders probability of N vehicles colliding at the same time decreasing as N increases. N-vehicle
collision is shown to be directly related to the clearance between the following vehicles within the
SODWRRQDQGWKHVSHHGRILQGLYLGXDOYHKLFOHVDVZHOODVWKHGULYHUV¶UHDFWLRQWLPHDQGWKHPD[LPXP
deceleration rate available in individual vehicles. The proposed methodology is believed to act
more effectively than the ordinary methods, particularly if it is used to alarm drivers of vehicles
synchronized based on vehicular ad hoc network (VANET) methodologies.
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1. Introduction

assessing the safety countermeasures [Cunto
DQG6DFFRPDQQR@

Striking the rear of a leading vehicle by front
of a following vehicle is termed as a rear-end
collision. As an important aspect of research,
a great deal of research has been conducted on
rear-end collisions in car following situations.
Several rear-end collision prediction models
have been developed and validated based on
different methodologies so far, ranging from
directly using observed crash counts [Wang
DQG$EGHO$W\@WRHVWLPDWLRQEDVHGRQ
WUDMHFWRULHV >2K DQG .LP @ UHDO WLPH
GDWD>;XHWDO@DQGFRPELQHGPHWKRGV
><X DQG $EGHO$W\ @ 3DUWLFXODUO\ WKH
GH¿FLHQWDVSHFWVRIVWXGLHVIRFXVLQJRQFUDVK
counts as the only data source has been criticized and the necessity for taking all likely
interactions between the road users (instead
of only interactions leading to a collision) has
been well emphasized in proactive approachHV>/RUGDQG0DQQHULQJ@

Different aspects of interactions between vehicles have been used by researchers in deWHFWLRQRIFRQÀLFWVLQDWUDI¿FVWUHDP)RULQVWDQFH /DXUHVK\Q HW DO >@ &DWHJRUL]HG
LQGLFDWRUV WR WKRVH GHVFULELQJ SUR[LPLW\ LQ
VSDFH SUR[LPLW\ LQ WLPH DQG WKH LQWHQVLW\
of necessary evasive action, particularly intensity of necessary evasive action has long
been in use by different researchers. Related
measures usually focus on braking power as a
means to detect the potential collisions in the
VWUHDP )RU H[DPSOH RK HW DO   GHYHORSHGWKH6WRSSLQJ'LVWDQFH,QGH[ 6', EDVHG
on the above concept to assess the risk of rearend collision by using the data obtained by
inductive loop sensors installed on a freeway
VHJPHQW>2K3DUNDQG5LWFKLH@'DYLV
(2006) used the same concept to demonstrate
that the prevention of rear-end collisions in
a platoon of vehicles travelling on the same
lane in a freeway is not only the responsibility of the following vehicle, but also a collective responsibility of all drivers in the platoon
>'DYLVDQG6ZHQVRQ@3UHVHQWUHVHDUFK
will also use the deceleration rate to avoid colOLVLRQ DV D EDVH WR GHWHFW WKH FRQÀLFWV LQ FDU
following situations.

,Q SURDFWLYH PHWKRGV RI LQYHVWLJDWLQJ WUDI¿F
safety during a car following situation, research has been conducted on detecting conÀLFWV LHVLWXDWLRQVLQZKLFKWZRRUPRUHYHhicles approach each other in time and space to
VXFKDQH[WHQWWKDWWKHUHLVULVNRIFROOLVLRQLI
their movements remain unchanged [AmundVHQDQG+\GHQ@ EDVHGRQGLIIHUHQWSHUformance indicators (also called surrogate or
SUR[LPDOPHDVXUHV >*XLGRHWDO@'Hspite that the degree of correlation between the
VXUURJDWHVDQGWKHUHDOFROOLVLRQVLVTXHVWLRQDEOH HJVHH>+DXHUDQG*DUGHU'DYLV
HWDO@ DQGRQO\YHU\IHZLQGLFDWRUVKDYH
been thoroughly validated to date [Laureshyn
@VWXGLHVRISHUIRUPDQFHLQYHKLFXODULQWHUDFWLRQVEDVHGRQFRQÀLFWVKDYHEHHQZLGHO\
used in detection of potential collision situaWLRQV >0DPGRRKL HW DO @ FDOLEUDWLQJ LQ
vehicle safety measures and in particular in
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While the general body of previous studies
have focused on ordinary rear-end collisions
(where only one vehicle collides another in a
UHDU HQGLQJ FROOLVLRQ  WKH OLWHUDWXUH VWLOO H[tensively lacks research on chain reaction collisions, where more than two vehicles moving
in a lane are involved in a rear-end collision.
Although such accidents are relatively rare
and in despite the lacks of research on this
type of collisions, there are media reports
elaborating occasions where a large number
214
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of vehicles are involved in chain reaction collisions, most often leading to huge burden of
vehicular damage, travel delays and sometimes passenger injuries.
In a rear-end chain reaction collision (as will
EH VKRZQ  RQ D VSHFL¿F GHSOR\PHQW RI YHhicles in a platoon where vehicles separated
E\ VSHFL¿F WLPH KHDGZD\V WUDYHOOLQJ DW VSHFL¿F YHORFLWLHV GULYHU UHDFWLRQ WLPH DQG YHhicle braking power are crucial parameters in
preventing a chain reaction collision. Vehicle
braking capacity and driver reaction time are
stochastic variables of uncertainty phenomena. The stochastic nature of these variables
in estimating the probability of potential rearending collisions has rarely been taken into
consideration in previous research. Furthermore, prediction models for chain reaction
collisions have not been the subject of much
research yet. Therefore, considering the stochastic nature of these variables, the present
study aims to develop a simulation-based
structure to measure the potential collision
probability for both a single and a chain reaction rear-end collision.

2. Mechanism of Rear-End Collision
The mechanism of a rear-end collision is
XVXDOO\ H[SODLQHG E\ SULQFLSOHV RI 1HZWRQLDQPHFKDQLFVRIPRYHPHQW7RH[SODLQWKH
mechanism of chain reaction collision, a single rear-end collision with only two vehicles
LQFOXGHGLV¿UVWGHVFULEHG
2.1 Single Collision
Suppose that a platoon of N vehicles numEHUHG E\ N  WR Q ¿UVW WR ODVW  LV PRYLQJ
on a lane with speeds v1 to vn, respectively.
At a particular time, vehicle k brakes to stop
with a deceleration rate ak. The following
YHKLFOHN ZLWKDVSDFHJDS[NVHSDUDW-

ing rear bumper of leading vehicle k from
WKH IURQW EXPSHU RI IROORZLQJ YHKLFOH N 
EUDNHV WR VWRS DIWHU D UHDFWLRQ WLPH UN7R
avoid a rear-end collision between each two
successive vehicles; the distance traversed by
the following vehicle before coming to stop
VKRXOGQRWH[FHHGWKHGLVWDQFHUHTXLUHGE\WKH
leading vehicle to stop (Relation 1).

xk 1 

vk2
v2
t rk 1vk 1  k 1
2a k
2a k 1

(1)

([SUHVVLQJ VSDFH JDS LQ WHUPV RI VSHHG DQG
WLPH KHDGZD\ K  (TXDWLRQ   GULYHU N
ZLOOEHDEOHWRVWRSEHIRUHFROOLGLQJLILQHTXDOLW\VDWLV¿HV
xk 1

vk 1hk 1

(2)

a k 1 t

vk21
(vk2 / a k )  2 u vk 1 u (hk 1  rk 1 )

(3)

In simple words if available deceleration in
WKHNWKYHKLFOHLVOHVVWKDQWKHUHTXLUHGGHceleration to stop, the rear-end collision will
be inevitable.
$V DQ LPSRUWDQW LPSOLFDWLRQ RI LQHTXDOLW\ 
interactions between different vehicles (in
terms of available braking power) and different drivers (in terms of reaction time) as well
as the relative position of vehicles should be
considered as causes of rear-end collision in a
platoon of vehicles. Adopting the causal conFHSW%ULOOGHYHORSHGWKHVWUXFWXUHRIDFDXVDO
concept for rear-end collision in a three vehicle platoon as illustrated in Figure 1 [Davis
DQG6ZHQVRQ@
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Figure 1. Structure of causal concept for rear-end collision in a platoon of three vehicles [Davis
DQG6ZHQVRQ@
7KHVFKHPHLQ¿JXUHLVFRPSRVHGRIQRGHV
representing model variables and arrows representing the presence and direction of causal
dependencies. The brake deceleration, speed
and headway for vehicle i in the platoon are
represented by ai, vi and hi, respectively in this
illustration. Driver i reaction time is shown by
ri. ai0 is also representing the minimal deceleration rate to avoid colliding with leading
vehicle which can be given by the right hand
side of relation 3.

If the deceleration needed by vehicle k to preYHQW KLWWLQJ WKH YHKLFOH LQ IURQW H[FHHGV WKH
PD[LPXPDYDLODEOHGHFHOHUDWLRQUDWHDFROOLsion may be unavoidable. This is shown by a
dichotomous indicator y between each pair of
VXFFHVVLYHYHKLFOHV (TXDWLRQ RQDFDUIROlowing situation.

The driver may take higher braking deceleration to avoid the collision (i.e. the deceleration rate that driver k needs to avoid collision
PD\H[FHHGDk0 by uk). The deceleration rate,
KRZHYHU LV DOZD\V HTXDO RU OHVV WKDQ WKH
PD[LPXPDYDLODEOHGHFHOHUDWLRQUDWH D 7KH
actual deceleration rate for vehicle k can be
determined as follows.

$VDQH[DPSOHVXSSRVHWKDWLQDWKUHHYHKLFOH
platoon, v1=v2=v3=44 km/h (12.2 m/s) and the
PD[LPXP DYDLODEOH GHFHOHUDWLRQ UDWH LV 
m/s2. If the driver 1 brakes to stop with 1.5
m/s2 and supposing that h2=2sec and r2=4sec,
HTXDWLRQUHWXUQVWKHPLQLPXPGHFHOHUDWLRQ
rate for driver 2 to avoid colliding with vehicle
1 as 3.05 m/s2. If driver 2 decelerates at 3.2
m/s2 (corresponding to u2=3.2-3.05=0.15 m/
s2), assuming that driver 3 with reaction time
r3=2.5 sec and time headway with the leading
vehicle h3=1.5 sec, the minimum deceleration

ak

min(a k 0  u k , a )

y

(4)
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rate for vehicle 3 to avoid colliding to vehicle
2 is a30=6.7 m/s2ZKLFKH[FHHGVWKHPD[LPXP
available deceleration rate 6.1 m/s2. It means
that rear-end collision between vehicles 3 and
2 is unavoidable.
7KH TXHVWLRQ LV ZKLFK GULYHU LV FDXVLQJ WKH
collision? Driver 3 could have precluded the
collision if he/she maintains a higher amount
of headway with vehicle 2. For instance if h3
is counterfactually set as 2.0 sec, the minimum
GHFHOHUDWLRQ UDWH WR DYRLG FROOLVLRQ HTXDOV WR
a30 PVZKLFKLVVWLOOOHVVWKDQPD[LPXP
available deceleration rate and the collision
FRXOGKDYHEHHQDYRLGHG%XWLVGULYHUUHsponsible for the collision? The answer is not
clear because the collision could also have
been prevented if the second driver reacted
TXLFNHU)RUH[DPSOHE\VHWWLQJU2=2.5 but still
keeping u2=0.15 m/s2 and a30=2.7 m/s2 the collision could have been prevented.
7KLV VLPSOH H[DPSOH VKRZV WKDW WKH UHVSRQsibility of a rear-end collision should be ap-

propriately assigned to a platoon as a whole,
rather than to the colliding drivers.
2.2 Chain Reaction Collision
7KHVDPHFDXVDOFRQFHSWDVXVHGWRH[SODLQD
single rear-end collision, is also appropriate in
H[SODLQLQJ D FKDLQ UHDFWLRQ DFFLGHQW )RU LQstance in a three-car platoon, suppose that all
vehicles are travelling at the speed of 32 m/s
with one second time headway in between.
%RWK IROORZLQJ GULYHUV DUH DVVXPHG WR KDYH
1.5 second reaction time. Platoon dynamics
DIWHUWKH¿UVWYHKLFOH YHKLFOH VWDUWVDQHPHUgency brake (deceleration at 4 m/s2) which is
LOOXVWUDWHG LQ )LJXUH $V WKH ¿JXUH GHSLFWV
vehicles 2 and 3 both start to brake after a time
ODJHTXDOWRWKHLUGULYHUV¶UHDFWLRQWLPH$VD
result, vehicle 1 gets hit by vehicle 2 at a disWDQFHRIPDQGVXEVHTXHQWO\YHKLFOHLV
hit by vehicle 3 (i.e. a chain reaction collision
happens). The collision could have been preYHQWHGLIWKHGULYHUVUHDFWHGTXLFNO\DQGH[HUW
a higher deceleration rate while braking.

)LJXUH0HFKDQLVPRIDFKDLQUHDFWLRQUHDUHQGFROOLVLRQLQDQH[DPSOHRIWKUHHYHKLFOHVSODtoon
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3. Proposed Methodology

function can be developed for the outcome.

As shown above, safety of a given car-following event in a real world environment is
affected by two important variables; the reaction (response) time of the following driver
DQG WKH DYDLODEOH EUDNH SRZHU PD[LPXP
available deceleration rate) of the following
vehicle. Although both variables vary among
vehicles and drivers in a platoon, there is no
simple way available yet to measure them directly in ordinary observation methods. A better alternative is to consider uncertainty for
these variables in calculations.

Dynamics of movement is analysed frame
by frame for each pair of successive vehicles
DV LV VXPPDUL]HG LQ )LJXUH  ,Q WKLV ¿JXUH
to run the sth simulation run in the nth time
frame in this study, within any given deployment of vehicles travelling in a platoon on a
lane, the driver on leading driver i is assumed
WREUDNHKLVKHUYHKLFOHLQLWVPD[LPXPGHFHOeration rate available (drawn randomly from
WKH3')RIPD[LPXPDYDLODEOHEUDNHGHFHOeration rates). The driver on the following veKLFOHLLVDVVXPHGWRUHDFWDIWHUDUHVSRQVH
time, which is also drawn randomly from the
PDF of drivers’ response time.

%DVHGRQWKHVXJJHVWHGFDXVDOLW\EHWZHHQWKH
two stochastic variables and the outcome of
N-vehicles contribute to a chain reaction collision, we estimate the probability of the potential outcome of a chain reaction collision by
comparing the deceleration rate (as a surrogate
safety measure) to avoid the collision with the
PD[LPXP DYDLODEOH GHFHOHUDWLRQ UDWH LQ WKH
following vehicles. Monte Carlo simulation as
an appropriate method for solving problems
with uncertainty has been used in estimation.
The method represents the solution of a problem as a parameter of a hypothetical populaWLRQDQGXVLQJDUDQGRPVHTXHQFHRIQXPEHUV
to construct a sample of the population, from
which statistical estimates of the parameter
FDQ EH REWDLQHG >-DPHV @ ,QGHSHQGHQW
observations are generated from the corresponding distributions of stochastic variables
(contributing to the outcome) according to the
¿[HGUHODWLRQVKLSUHODWLQJWKHRXWFRPHWRYDULDEOHV >5DWLFN DQG 6FKZDU] @ )RU HDFK
run of the simulation, random numbers drawn
from the probability density function (PDF)
of stochastic variables are substituted in the
¿[HGUHODWLRQVKLSWRFDOFXODWHWKHRXWFRPH,I
the simulation is performed repeatedly for a
large number of times, a probability density
International Journal of Transpotation Engineering,
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5HTXLUHG GHFHOHUDWLRQ UDWH WR DYRLG FROOLVLRQ
EHWZHHQWKHLWKDQGWKHLWKYHKLFOHVLQWKH
sth run of simulation in the nth time frame of
movement ain1,s is calculated according to
(TXDWLRQ DGRSWHGIURP(TXDWLRQ 
ain1,s

(vin1,s ) 2

( vin,s ) 2 / aain,s )  2 u ( xin1,s  vin1,s u ri n1,s )

(6)

,QWKLV(TXDWLRQ
th
th
vin,s : Speed of the i vehicle in the s run of
simulation in the nth time frame,
th
th
xin,s : Space gap between the i and the i-1
vehicles in the sth run of simulation in the nth
time frame,
th
ri n,s : Response time of the i vehicle in the
sth run of simulation in the nth time frame assigned randomly from PDF, and

aain,s 0D[LPXPGHFHOHUDWLRQUDWHDYDLODEOHLQ
the ith vehicle in the sth run of simulation in the
nth time frame assigned randomly from PDF.
The above deceleration rate is then compared
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WRWKHPD[LPXPGHFHOHUDWLRQUDWHDYDLODEOHLQ
WKHLth vehicle. Safety of the event then can
be measured in a bivariate scale, i.e. safe if
WKHUHTXLUHGGHFHOHUDWLRQUDWHLVOHVVWKDQWKH
DYDLODEOHPD[LPXPGHFHOHUDWLRQUDWHDQGXQsafe, otherwise. The same calculations can be
repeated for the whole individual events of car
following to the downstream. If the simulation is ran repeatedly, the probability that a
particular vehicle (in a particular deployment
in the platoon) is involved in a rear-end collision can be estimated for each time frame acFRUGLQJWR(TXDWLRQ

where:

Pi ,nic : Probability that successive vehicles i to
L¶ L¶!L DUHLQYROYHGLQDQL¶LYHKLFOHFKDLQ
reaction collision in the nth time frame,

S

Pi n

¦Z

n
i ,s

i= 1, …, K-1 , n= 1, …, N

(7)

s 1

S

,QWKLVHTXDWLRQ
Pi n : Probability that vehicle i is hit by vehicle
LLQWKHQWKWLPHIUDPH

Z in,s : Outcome in following vehicle i by vehiFOHLLQWKHQthWLPHIUDPH LIQRFRQÀLFWLV
detected between the two successive vehicles
and 1 otherwise),
i: Vehicle number in platoon counter (i=1, 2,
..., K),
K: Number of vehicles in the platoon,
s: Simulation run counter (s=1, 2, …, S),
S: Number of simulation runs,
n: Time frame counter (n=1, 2, …, ),
N: is the number of time frames included in
the analysis
Furthermore, the probability of more than two
vehicles being involved in the same rear-end
collision (a chain reaction collision) can also
EHHVWLPDWHGDFFRUGLQJWR(TXDWLRQ
S

Pi ,nic

¦ (Z

n
i ,s

Z in,s

1,..., Z inci ,s

s 1

S

1)

(8)

)LJXUH3URSRVHGPHWKRGRORJ\ÀRZFKDUW
for probability of potential single and chain
reaction rear-end collision

4. Trajectory Data
Vehicular trajectory data have been analysed
in this study to achieve the PDF for stochastic
variable of drivers’ response time. The abilLW\ RI GLIIHUHQW GDWD JDWKHULQJ WHFKQLTXHV LQ
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NGSIM program and was used in data analysis in the present study. The I-80 freeway
GDWDVHW UHSUHVHQWV WUDI¿F GDWD LQ PLFUROHYHO
collected during the afternoon peak period
(from 4:00 pm to 4:15 and from 5:00 to 5:30
SP  LQ  PLQXWHV RQ DQ DSSUR[LPDWHO\ 
PHWHUV OHQJWK VHJPHQW FRQVLVWHG RI VL[ IUHHZD\ODQHV>³1*6,0+RPH´@7KHGDWD
were collected in 2005 by seven synchronized
digital video cameras, mounted on top of a tall
building adjacent to the freeway. These cameras recorded all vehicles passing through the
study area during the observation period. The
study area (including the lanes and the coverage area for each camera) is shown in Figure
4. The dataset consists of detailed vehicular
trajectory data (including vehicular longitudinal and lateral positions, speeds, lengths
and accelerations/decelerations) for vehicles
moving in each lane, obtained every tenth of a
second. The database is free to access source
and available on NGSIM website [“NGSIM +RPH´@

obtaining accurate trajectory data (from using
cameras attached to aerial platforms and application of Global Positioning System (GPS)
WR H[WUDFW WKH DWWULEXWHV RI D PRYLQJ REMHFW
to the use of mounted internet protocol (IP)
EDVHGFDPHUDVDW¿[HGDQGHOHYDWHGORFDWLRQV 
is vital in getting correct inferences from the
analysis. For instance, research shows that
contrasting results (in terms of model calibrations and comparisons against different sets
of measurements) can be reported after different data sources (in terms of level of accuraFLHV DUHDQDO\VHG>%UDFNVWRQHDQG0F'RQDOG
@6LQFHWKHDYDLODEOHGDWDVRXUFHVLQ,UDQ
are both limited and lack the accuracy analysis studies, the authors used the database gathHUHG XQGHU WKH 1H[W *HQHUDWLRQ 6,0XODWLRQ
(NGSIM) program in the United States, in order to develop the PDF for drivers’ response
time. It is argued that the NGSIM datasets are
UHSUHVHQWLQJWKHPRVWDFFXUDWH¿HOGGDWDFROOHFWHGWRGDWH>)+:$@
The NGSIM program was initiated in 2002
by support from the Federal Highway Administration (FHWA). The program aims to develop a core of open behavioural algorithms,
particularly in support of microscopic traf¿F VLPXODWLRQ ZLWK VXSSRUWLQJ GRFXPHQWDWLRQDQGYDOLGDWLRQGDWDVHWV>1*6,0@
In this program, several synchronized video
cameras, mounted on top of high buildings
adjacent to roadway, record vehicles passing
through the study area and then processing of
LPDJHVJLYHVH[DFWYHKLFOHSRVLWLRQVDQGRWKHU
attributes (including speed and acceleration)
on the road section for every tenth of a second
>3XQ]R%RU]DFFKLHOORDQG&LXIIR@

5. Probability Density Functions
9DULDEOHVRIPD[LPXPDYDLODEOHGHFHOHUDWLRQ
rate and response time, were shown in causative relation with the chain reaction rear-end
collision. To estimate the potential rear ending
collision probability, the probability density
function of variables should be available to
UDQGRPL]HGJHQHUDWLRQH[SODLQHGLQWKHPHWKodology.
5.1 PDF for the Maximum Available Deceleration
0D[LPXP DYDLODEOH GHFHOHUDWLRQ UDWH KDV
EHHQUHFRPPHQGHGE\$$6+72*UHHQ%RRN
to follow a uniform distribution (conservatively assumed to be 3.5 m/s2) in most ordiQDU\ YHKLFOHV >$$6+72 @ &XQWR DQG
6DFFRPDQQRDVVXPHGWKDWWZRWLPHVRIPD[L-

7KH ,QWHUVWDWH  ,±  IUHHZD\ LQ WKH
6DQ )UDQFLVFR %D\ DUHD LQ (PHU\YLOOH &$ 
GDWDVHW ZDV WKH ¿UVW GDWDVHW FROOHFWHG LQ WKH
International Journal of Transpotation Engineering,
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Figure 4. Aerial photograph of the I-80 freeway segments in NGSIM program including each
camera coverage area (Left) and the number of lanes and position of on ramp within the I-80
VWXG\DUHD 5LJKW >)+:$@
mum available deceleration rate follows a
truncated normal distribution with an average
of 7.42 m/s2 and standard deviation of 0.24 m/
s2 >&XQWR DQG 6DFFRPDQQR @ ,Q DQRWKer study the same authors assumed a normal
truncated distribution with an average of 8.45
m/s2, standard deviation of 1.40 m/s2 and the
upper and lower limits of 12.68 m/s2 and 4.23
m/s2UHVSHFWLYHO\IRUWLPHVRIWKHPD[LPXP
available deceleration rate for small vehicles
on dry pavements [Cunto and Saccomanno
@
Searching within the literature with the aim
WR¿QGWKHDSSURSULDWHGHFHOHUDWLRQUDWHDYDLOable in Iranian vehicles achieved no results.
The industrial protocols however are not considerably different as the car industries follow
relatively the same globally accepted standards in brake systems. Therefore, the PDF for
PD[LPXP GHFHOHUDWLRQ UDWH DYDLODEOH LQ YHhicles in this study is assumed to follow the

latter distribution case adopted by Cunto and
Saccomanno.
5.2 Developing PDF for Drivers’ Response
Time
In almost all car-following models drivers’
response time is an important component
>%UDFNVWRQHDQG0F'RQDOG@,QFDUIROlowing models the response of a driver in a
following event is a function of the stimulus
that driver receives from the leading vehiFOH $OWKRXJK WKH ¿UVW PRGHO DGRSWHG IURP
this concept dates back to the 60 century, the
general form of more recent car following
HTXDWLRQVKDVEHHQUHPDLQHGDOPRVWWKHVDPH
(TXDWLRQ 
a n (t  T ) O'Vn (t )



,QWKLVHTXDWLRQ
is the response of the
following vehicle in terms of its deceleration
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reaction time is reported in the literature (beWZHHQ  WR  VHFRQGV  ,Q VRPH UHVHDUFK
the response time has been considered related
to other parameters (e.g. spacing, speed and
OHDGHUV DFFHOHUDWLRQ >2]DNL @ DQG WUDI¿FGHQVLW\>'HO&DVWLOOR3LQWDGRDQG%HQLWH]
@

rate delayed by a response time T. The stimulus causing this response is the relative speed
of the following vehicle with respect to the
leading vehicle 'Vn (t )  7KLV HTXDWLRQ DVsumes the following vehicle response to be
proportionate to the stimulus (with proportionality factor of O termed also as sensitivity
factor).

To adopt the PDF of the drivers’ response
time for Monte Carlo simulation in the present study, a graphical multistep method was
applied on vehicular trajectory data described
in the previous subsection. This method estimates the reaction time as the time lag that
SURGXFHV WKH PD[LPXP FRUUHODWLRQ EHWZHHQ
the stimuli (in terms of the relative speed of
the following and leading vehicles) and the
response by the following driver (in terms of
the deceleration or acceleration rate of the following vehicle). The method has been also
H[SODLQHG DQG XVHG ZLGHO\ LQ SUHYLRXV ZRUN
HJ>5DQMLWNDUDQG1DNDWVXML@7KHIXOO
procedure to measure the instantaneous response time can be understood from Figure 5.
As illustrated, using the trajectory data, stimuli and response trend over time both have
been shown on the same graph. In this study

The strong correlation between the stimuli (by
the leading vehicle) and response (by the following vehicle) as a measure of goodness-of¿WIRUFDUIROORZLQJPRGHOVKDVEHHQDUJXHG
E\ VHYHUDO UHVHDUFKHUV 7KHUHIRUH DQ H[WHQsive body of research has been focused on
PRGHO YHUL¿FDWLRQ DQG UH¿QHPHQW RI WKH FDU
following models in similar forms (e.g. see
>%UDFNVWRQHDQG0F'RQDOG@ 
In almost all car-following models the delay
term for human response time is common.
The response time may not only be different
for a single driver in different situations (interpersonal variation), but also it may be different from driver to driver (intra-personal variation). This is why a wide range of values for

Figure 5. Schematic change in relative speed of leading and following vehicles and acceleration
of the following vehicle in time to illustrate estimation of instantaneous response time in a car
IROORZLQJ>5DQMLWNDUDQG1DNDWVXML@
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the data is available every 0.1 second.
The instantaneous response time can be measured through the three proposed steps below:
- Detection of peak points on relative speed
curve.
- Checking perceptual threshold values: Only
VWLPXOLWKDWH[FHHGDFULWLFDOSHUFHSWXDOYDOXH
are used to estimate the response time. That is
because small amounts of stimuli are not recognized or even may not be clearly perceived
by the following vehicle to proportionately
response. Under the critical perception values
of the stimuli is shown in Figure 5 in a dark
zone, the data points in this region should be
H[FOXGHGIURPWKHDQDO\VLV7KHDXWKRUVXVHG
0.8 m/s as critical threshold value for the relative speed in this study, corresponding to what
SURSRVHGLQ>5DQMLWNDUDQG1DNDWVXML@
- Search for response: Correlation between
a range of data points (corresponding to 3.5
seconds in this study) on relative speed curve
on ascending branch of the curve adjoining to
WKH FXUYH¶V UHODWLYH PD[LPXP SRLQW DQG WKH
corresponding points on acceleration values
is measured, considering different amounts
of time delays. The time lag value that delivHUV PD[LPXP FRUUHODWLRQ EHWZHHQ WKH UHODtive speed and acceleration is considered as
the response time for acceleration. The same
calculations can be repeated between the data
points on descending branch of the relative
speed curve connecting to relative minimum
point and the points on deceleration curve in
order to measure the instantaneous response
time in deceleration.
7UDI¿F ÀRZ ZDV FRQVWLWXWHG RI YHKLFOHV IROlowing each other. Altogether 1534 pais of vehicles following each other (following events)
ZHUHUHFRJQL]HGLQWKHWUDI¿FÀRZ)RUHDFK
following event, a vehicle was running behind
a leading vehicle on the same lane and direc-

tion, regardless of the speed and the time gap.
7KH H[SODLQHG VWHSZLVH PHWKRG ZDV DSSOLHG
on micro level data for each following event
DQG WKH FRUUHVSRQGLQJ PD[LPXP FRUUHODWLRQ
between the stimuli and the response as well
as the time lag (response time) were calculated.
)URP WKH FDOFXODWHG PD[LPXP FRUUHODWLRQV
some records were still very small and should
EH H[FOXGHG IURP WKH SURFHVV RI GHYHORSLQJ
the PDF. To select valid data, only response
times corresponding to a correlation greater
than a threshold were taken into the analysis.
To establish the threshold, the distribution
function of the response time was set as logQRUPDO (TXDWLRQ DVLVSURSRVHGE\PDQ\
f ( x; P ,V )

1
xV 2S



e

(ln x  P ) 2
2V 2

,

x!0

SUHYLRXVUHVHDUFKHUV>:XHWDO@

(10)
7KHHTXDWLRQUHWXUQVWKHSUREDELOLW\WKDWDUDQGRPYDULDEOHWDNHVWKH[YDOXH P and V in
WKLVHTXDWLRQDUHDOVRWKHPHDQDQGVWDQGDUG
deviation of probability distribution function,
respectively.
The correlation threshold is the least amount
RIFRUUHODWLRQVE\ZKLFKWKHFKLVTXDUHLVVWLOO
VWDWLVWLFDOO\ VLJQL¿FDQW DW  SHUFHQW FRQ¿GHQFHOHYHOLQWKHORJQRUPDOGLVWULEXWLRQ¿WWHG
to the points. The distributions corresponding
to amounts of correlation threshold is depicted
in Table 1. As the table shows, 0.6 is a suitable
threshold for R2. The observations and the disWULEXWLRQFXUYH¿WWHGDUHVKRZQLQ)LJXUH

6. Application of Simulation in Real
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7DEOH(VWLPDWLRQ UHVXOWVRIUHVSRQVHWLPH¿WWRORJQRUPDOGLVWULEXWLRQIXQFWLRQ 
R2 Threshold
Sample Size
&KL6TXDUH9DOXH
&ULWLFDO&KL6TXDUH
0.40
428

15.51
0.45
348

15.51
0.50


15.51
0.55
215

14.07
0.6
171
10.08
14.07*
* P<0.05
** the stimulus is the deceleration by the leading vehicle

Figure 6. Distribution of following vehicles instantaneous response time, with the stimulus being
deceleration of the leading vehicle

Time Estimation of Potential Rear-End
Collision

by dividing the total number of potential colOLVLRQV DFFRUGLQJ WR HTXDWLRQ  E\ WKH WRWDO
number of simulation runs as illustrated in
Figure 3. In this way, the cases in which more
than two vehicles are involved in rear-ending
collisions are rendered by the simulation and
thus the probability of N vehicles get involved
in chain reaction collision can be determined.
If the simulation runs frame by frame, the instantaneous risk values of N-vehicle rear-ending collision can be determined.

To apply the Monte Carlo simulation to solve
the problem of estimating rear-end potential
collision risk, the trajectory data related to
each frame of the video, including relative
position of vehicles following each other, vehicles’ lengths and vehicles’ speed were subVWLWXWHG LQWR WKH (TXDWLRQ  )RU HDFK UXQ RI
the simulation, drivers’ response time and veKLFOHV¶ PD[LPXP DYDLODEOH GHFHOHUDWLRQ UDWH
were drawn from the corresponding PDFs.
The risk of rear end collision was estimated
International Journal of Transpotation Engineering,
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Figure 7. Clearance between successive vehicles during a three-second period movement

Figure 8. Speed of successive vehicles during a three-second period movement

IUDPHV  WR  FRUUHVSRQGLQJ WR 
seconds of movement) on the fourth lane,
SULYDWH YHKLFOHV    DQG 
QXPEHUHGIURPWKH¿UVWWRODVWLQWKHSODWRRQ
(corresponding to vehicles 1 to 5 respectively
hereinafter) have been detected in car following situation. Clearance between each pair of
vehicles and speed of individual vehicles are
shown in Figures 7 and 8, respectively.
Monte Carlo simulation was applied for
20,000 runs for every frame and the probability of N-vehicle collision (N is an integer
varying between 2 to 5) was estimated. The
number of runs was selected in such a way
that for more runs, the calculated probabilities
are not substantially different.

The rear-end collision risks for N-vehicle
FROOLVLRQLVGHSLFWHGLQ)LJXUH$VWKLV¿Jure shows, the probability of N vehicles being involved in a single collision decreases
with increasing N. According to Figure 7, the
clearance between vehicle #1 and its follower
is substantially higher than the clearance between remaining vehicles. Therefore, vehicle
1 in the platoon has potentially a lower probability of being involved in a collision with
LWVIROORZHUV7KLVLVVKRZQLQ)LJXUHDVWKH
values in curve related to 5-vehicle collision
gradually approach to zero.
On the other hand, vehicles 2022, 2016 and
2012 have almost similar speeds and very
short distance in between, particularly in the
last frames. Therefore, the probability curve
225 International Journal of Transpotation Engineering,
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)LJXUH5HDOWLPHSRWHQWLDOFROOLVLRQSUREDELOLW\IRU19DKLFOHV 1 WR LQDFKDLQUHDFWLRQ
rear-end collision occurs between vehicles 1 to 5 during a three second period of movement

VXFFHVVLYHIROORZLQJHYHQWVLQD¿YHYHKLFOH
platoon, drawn from the NGSIM database.
Results showed that the probability of N vehicles to collide at the same time increases with
decreasing N. This is in line with intuitive
H[SHFWDWLRQV 7KH DSSOLFDWLRQ DOVR YHUL¿HG
that N-vehicle rear-end collision is directly
related to the clearance between the following vehicles within the platoon and the speed
of individual vehicles as well as the drivers
UHDFWLRQWLPHDQGWKHPD[LPXPGHFHOHUDWLRQ
rate available in individual vehicles. Moreover all drivers in the platoon were recognized
as responsible for preventing rear-ending collisions; braking sharply or very slowly may
cause collisions for other drivers in the platoon.

for 2 and 3 vehicle collisions are following the
same trends.

7. Summary and Conclusions
The main objective of this research is to develop a method for estimating the potential collision probability of N vehicles in successive
rear-end collisions (chain reaction collision)
on a freeway. A novel simple methodology
was proposed based on Monte Carlo simulation, by taking the uncertainty of two variables
QDPHO\WKHPD[LPXPDYDLODEOHEUDNLQJSRZHU
in vehicles and the drivers’ reaction time, into
HVWLPDWLRQ %HFDXVH RI WKH VWRFKDVWLF QDWXUH
of the variables, they cannot be directly measured by ordinary simple instrumentation of
freeway segments. Given the probability density functions (PDFs) of variables, the Monte
Carlo simulation of car-following events was
used to measure the probability of N vehicle
rear-end collision occurrence.

The current algorithms used in collision
warning/avoidance systems usually isolate
the following vehicle and its leader, without
considering the remaining vehicles in the platoon. As shown, however, a driver on a third
vehicle may be recognized as the responsible
for collision without being involved in it. The

To show the feasibility of developed methodology in practical applications, the proposed
methodology was applied on the case of four
International Journal of Transpotation Engineering,
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proposed methodology is able to consider
dynamics of all vehicles in the platoon and a
more reliable potential collision risk as developed in this study, can be used to alarm the
drivers about the possibility of being involved
in a rear-end collision. Therefore following
the recent advances in hardware, software,
and communication technologies the proposed methodology may enable researchers
WRGHVLJQDQGLPSOHPHQWG\QDPLFURDGWUDI¿F
safety management systems.
)RUH[DPSOHQHWZRUNVWKDWFRQQHFWDQGFRQWUROIRUPRYLQJYHKLFOHV 9$1(7 FDQEHQH¿W
from the proposed methodology in detecting
prevailing conditions leading to a chain reaction crash. The algorithm detects the vehicles
LQ SRRU RSHUDWLRQ IURP D WUDI¿F VDIHW\ SHUspective in a platoon and preset alarms and
even intrusions can be timely activated upon
an N vehicle crash risk is detected. Therefore,
the authors believe that the proposed methodology can be effectively used in developing
intelligent warning systems.
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