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Abstract
The problem of path overlapping in network modelling has been one of the main issues to be 

Despite that probit is one of the most appealing choice models, due to the lack of closed form 

-

heuristic link-based methods has not been studied so far. This contribution primarily focuses on 
investigation of such potential bias in link-based probit assignment methods. In this research, this 
bias for a certain simulated link-based method is empirically considered and investigated through 

Capable of representing utility correlation and heteroscedasticity, probit model has always been 
one of the most theoretically attractive models for representing route choice behavior. However, 
this soundness of theory could further be enhanced through combining the ideas of probit and 

travelers as well.  
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1. Introduction 

-
ment (TA) plays a crucial role in prediction 

changes in the system and thereby making 

sense, there has been a considerable effort to 
enhance precision of route choice modeling. 
Probabilistic approach of network modeling 
was primarily developed to address and repre-
sent randomness in travelers’ behavior and to 

modeling transportation networks. 
Since the development of the notion of sto-

of choice models were employed in this con-

in probabilistic network loading procedures 
prior to the introduction of SUE, their new 
formulation as a generalization to traditional 

comprehensive discussion on enumerating 

purposes triggered considerable further stud-
ies in this area.
Theoretically, multinomial probit (MNP) 
model is one of the most appealing choice 
models enjoying sound underlying assump-
tions which is able to not only capture correla-
tion among random utilities but also is capable 
of representing heteroscedasticity property. In 
other words, probit model is potentially able 
to cover the main drawbacks of MNL mod-

-

choice probabilities, however, this approach 

comparison with logit-family models. Never-
-

ture of this model, some studies have been 
dedicated to development of heuristic link-
based algorithms for probit network loading 

-
empt the analyst from producing and main-

-
vances in computing technology as well as 

-
gorithms, there has been a growing recogni-

Furthermore, there is now a general consensus 
that path-based approach of TA allows appli-
cation of more advanced choice models. 
Due to the presence of the aforementioned 
link-based algorithms, there has not been suf-

probit TA. In particular, to the best of our 
knowledge, the bias problem for these link-
based methods has not been studied formerly. 
This study intends to investigate this problem 
for the Monte Carlo simulation algorithm pro-

numerical comparison with the path-based 
probit SUE solution. 
Potential capacity of random-utility theory 
also allows further enhancement of theoretical 

-
tion of the remaining restrictive assumptions, 

-
tion. Although there has been considerable 

-
ent areas of choice modeling (including route 

this approach has not yet been generalized 

to the previously-mentioned theoretical ad-
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account the fact that different travelers have 
different sensitivities with respect to the at-
tributes of different paths, and in this sense 
there can be a random taste variation over the 
population of decision makers. This represen-

probit can potentially improve the precision 
of TA in describing behavior inasmuch as it 

-
lying assumption than the traditional probit. 
This approach is formulated and applied to an 
illustrative network in this study.
The remaining parts of the paper are organ-
ized as follows. Section 2 has been dedicated 
to a literature review. In section 3, theoreti-

methodology applied to conduct the compara-
tive part of the study. In section 5, the bias of 
the link-based probit as well as application of 

-
vestigated on an illustrative network together 
with some sensitivity analyses with respect to 
contributing parameters of the problem. Sec-

proposes future research directions for further 
studies.  

2. Literature Review 
Preliminary studies in probabilistic approach 
of transportation network loading can be at-

-
-

loading algorithm, supported by formal math-
-

plicit path generation, assigns trip demands to 
the subsets of the universal paths in accord-
ance with MNL formula. The algorithm, also 
known as STOCH in the literature, provoked 

-
comings of the STOCH algorithm or making 
attempts to propose improvements or gener-

-
ied the theoretical shortcomings of STOCH 

network modeling purposes arises from the 
fact that this model does not allow the topol-

-
ation of choice probabilities. In other words, 
given the values of representative utilities, 

-
ter what the geometrical structure of network 
is. This problem gives rise to unrealistic over-

independent paths. In addition, due to the sim-
ple diagonal homoscedastic structure of MNL 

calculation of choice probabilities. In other 
words, when MNL is applied as the route 

-
ference of travel time in a binary route choice 
situation, has the same effect in a short trip 
as it has in a long journey. Still, most of the 

devoted to proposing solutions for the former 
shortcoming, that is to say, the problem of path 
overlapping. Miscellaneous models has been 

-

types of logit-based STA models can also be 
found in the study conducted by [Haghani et 
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Probit model, however, is theoretically capa-
ble enough to address both correlation and 
heteroscedasticity problems. Application of 

a relevant covariance structure as well as a 
heuristic Monte Carlo link-based method for 
probit assignment. They formulated the MNP 
covariance structure by pertinently relating 

-
ogy. Nonetheless, Due to their proposed link-

-
ly evaluate and maintain covariance matrices. 

based TA is crucial from modeling purposes 
since due to the very large number of alter-
natives in route choice problem it would not 
be neither practical nor possible to estimate 
all elements of free (unrestricted) covariance 
matrices from a choice data set. This way, the 
number of covariance-related estimation pa-
rameters is substantially reduced. 

proposed another link-based method for pro-
bit-based network loading as well as a con-

problem. The steps of the algorithm and its 
node-by-node progression through network 
are highly analogous to the STOCH algo-
rithm. Similar to the STOCH algorithm, link 
probabilities are evaluated through “forward-
step” progression phase and network is loaded 
in “backward-step” phase. The major differ-
ence is that normal distribution is assumed for 
“link utilities”, and rather than having closed 

-
-

In this sense, the algorithm can be regarded as 

for probit model. The main advantage of this 
-

sult of its link-based structure, is that during 
the progression of the algorithm through the 
network, some information is gathered which 
can be utilized for evaluation of the general 

-

combinations procedure. This property indeed 
-

application needs to be scrutinized as Horow-

-
-

portantly, whether the algorithm actually pro-

STOCH algorithm, this algorithm has not been 
accompanied by any formal analytical proof. 

assignment contains an implicit assumption 
called the “Markovian property” stating that 
“the pattern of route choice from an interme-
diate node to the destination is independent of 
the pattern of route choice from the origin to 

that allowed development of the STOCH al-

presence of this property for MNP assignment 
has neither been proved nor investigated, and 
it seems to be hardly likely for this property 
to be valid for MNP as well. In other words, it 
seems that the intrinsic Markovian property of 

imposed to MNP assignment in the method 

-
tured-covariance MNP model for train route 
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-
-

-
cal TA. 

3. Theoretical Background

MNP choice modeling. Simulation methods 
for evaluation of probabilities are also dis-

route choice is presented.

3.1 Multinomial Probit
Let us consider a typical trip maker n who 
faces a set including K paths for traveling be-
tween the origin and destination of his jour-
ney. Let us also represent the utility perceived 
by the person from a typical path k by Unk. 
This utility consists of a systematic part, Vnk, 

nk

1), which the latter contains all the factors 
contributing to and affecting the decisions but 
not considered by the analyst in the systematic 
part. The probability distribution assumed for 
the random term plays an important role from 
modeling perspective as different probability 
distributions would lead to different choice 
models. For MNP model, error terms are as-
sumed as a vector of random variables dis-
tributed multivariate (or joint) normal (MVN) 
with mean vector of 0 and an arbitrary covari-

n

   (1)
(2)
(3)

Theoretically speaking, the assumption of 
joint normal distribution is a sound funda-
mental assumption, notably in comparison 
with the assumption of identical and inde-
pendent Gumbel distributions for MNL. This 
assumption is also supported by multivariate 

-
ible assumption also allows representation 
of substitution patterns of any type [Train, 

into account heteroscedasticity as well as any 
type of correlation structure between utilities. 

-
ate MVN distribution, there is a closed-form 
probability distribution function. This closed 
form for distribution of error disturbances 

n -

n. The probability for 
alternative k to provide the most utility and 
hence to be chosen by person n is also given 

-
tegral generally cannot be solved analytically, 

(4)

(5)
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have been proposed for this paper in the litera-
-

prehensive review. Different simulation meth-

which we have implemented the accept-reject 
method because of its simplicity. 
According to the accept-reject method, the 
major problem for simulation of MNP prob-
abilities is to generate random draws from 
MVN distributions. In general, to generate a 

-
-

1- Produce a vector of K standard normal 
random draws: zT=z1,…,zK.

AAT

-

-
-

ever, this can be done by the method called 
spectral decomposition (or eigendecomposi-

-
sponding eigenvalues.

(1/2)                                                                                                                          (6)   

path utilities corresponding to a particular 
origin-destination (O-D) pair is compatible 

-

-
mon length of paths k and j. According to the 

to be calibrated and can be interpreted as the 
variance of utility perceived from a segment 

-
cation assumes that the variance of error (or 
utility) for each path is proportionate with the 
length of that path and the covariance between 
random utilities of each pair of paths is pro-
portionate with their shared segment length. 

(UE) solution. 
In univariate case, the systematic part of util-

Additionally, to compare the link-based and 
-
-

(7) 

                                                                                                                                         
(8)

   
3.2  Mixed Multinomial Probit

of decision makers indicating that all travelers 
have a similar degree of sensitivity to travel 
time in their route choice. The more general-

-
tion allows the modeler to assume a probabil-
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he/she can take into consideration the fact that 
different decision makers have different tastes 
and as a result, there can be a distribution of 
tastes over the population of travelers. There-

-
dresses random taste variation as well as the 

classical MNP model. 

a probability distribution should be attributed 

applicable. Two common assumptions, how-
ever, are normal and log-normal distributions 

-
eling which is the only available published 

-
mal and log-normal distributions serve our 

choice where the modeler has a prior assump-
tion about the sign of a certain parameter, 
log-normal distribution provides a theoreti-

While normal distribution allows both nega-
tive and positive values, for variables such 
as travel time which the analyst believes that 
all decision makers are trying to avoid, log-
normal distribution provides more theoretical 
soundness. In this study and in implementa-

and s are parameters of the distribution, that 
is, mean and standard deviation respectively. 
For numerical implementations in the follow-

-
amined setting m=1 and varying the value of 

2

�

10 which is simply the integral of the classical 
MNP probabilities over the density probabil-

analytically solved as well, it has to be simu-
lated. Simulation of the integral, however, 
is straightforward. One should draw random 

simulate MNP probability for each random 

the results over the simulation iterations. 
 
                     (10)

In order to conduct the comparative study 
introduced in the previous sections between 
the Monte-Carlo simulation link-based MNP 

-
terpart approach, we will apply both methods 
on a small illustrative network which allows 

-
meration), and second, allows us to represent 

manageable-sized Tables. Then we will pro-
vide some statistical comparisons to further 
clarify the potential bias that application of the 
link-based simulated method might engender. 
In other words, we are regarding the values 

probit values (as they have resulted from ap-
plication of MNP in its standard fashion) and 

the heuristic link-based method is capable of 
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the link-based algorithm is. 

Numerical investigations and comparisons 
have been conducted on the illustrative net-

(Figure 1). The network was chosen as the 
basis of comparison since its manageable 
size facilitates representation of link and path 

-

posed logit route choice models are applied 
in the pedagogical network of Nguyen and 

4 O-D pairs (Figure 1). O-D pairs of (1,2), 
(1,3), (4,2) and (4,3) have, respectively, travel 
demand of 400,800,600 and 200 units. The 
volume-delay function of Ta a a a a, in 
which (T)a a

a  

a are presented in Table 1.

Figure 1. Illustrative network

Table 1. Parameters of link volume-delay functions for illustrative network
Link Start Node End Node a a

1 1 5 7 0.0125
2 1 12 0.01
3 4 5 0.01
4 4 12 0.005
5 5 6 3 0.0075
6 5 0.0075
7 6 7 5 0.0125
8 6 10 13 0.005

10 7 11 0.0125
11 8 2 0.0125
12 10 10 0.005
13 13 0.005
14 10 11 6 0.0025
15 11 2 0.005
16 11 3 8 0.01
17 12 6 7 0.0125
18 12 8 14 0.001

13 3 11 0.001
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5.1 Comparison of Link-based and Path-
Based Probit Assignment 
Table 2 illustrates the result of TA for path-
based probit as well as the link-based Monte 

based and link-based versions of the method 

-
tions of the algorithm. To mitigate the stochas-
tic effects of simulation to the least possible 

10,000 number of simulation iteration which 
can be regarded as a fairly large number for 
this implementation. Also, as already men-
tioned, in order to eliminate the effect of the 
generated choice set size on the result of com-
parison between path-based and link-based 

approach has been applied, that is to say, all 
possible paths between each pair of O-D have 
been produced and used in the path-based TA 

procedure. For larger-scale networks, howev-
er, utilizing a method for generating subsets of 
the universal sets of paths will be inevitable, 
the discussion of which is outside the scope 

As Table 2 shows, for each particular value 

link-based method proves to be considerably 

to facilitate the comparison, we also have cal-
culated the absolute value of the percentage of 
relative difference between the corresponding 

and 78%. This result has also been illustrated 
in Figure 2. Table 3 also represents the MNP-

times which are obviously associated with the 
path-based algorithm.
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value of percentage of relative difference.
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5.2 Sensitivity Analysis

be made in this section with respect to differ-
ent parameters of the problem including the 

-
tion iterations and level of congestion.

-
-

sis was conducted. Figure 3 illustrates varia-

-
ied from 0 to 20 for both path-based and link-
based approaches. As can be seen, while the 

-

link-based algorithm is only slightly sensitive 
to this parameter. 
Figure 4 depicts the sensitivity in terms of path 

pair 4-2), obviously for the path-based meth-

demonstrate the fact that, contrary to what has 
been mentioned in some previous studies [for 

has mistakenly been stated in some published 
studies that when the variance of error terms 

-
els forecast, travelers become indifferent to 
various paths and path utilities are perceived 

-
ment is not true for MNP model. In general, 
the proposition is only valid for the simple 
MNL model due to its diagonal covariance 
structures. From the perspective of other mod-
els which are able to represent correlation, 

are determined by the covariance structure 
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Iterations

is the number of simulation iterations which 
the analyst has to set to obtain probit probabil-
ities. Table 3 represents the sensitivity of the 

both path-based and link-based methods. The 

be observed, while path-based probit simula-

rapidly, the result of the link-based method 
is considerably dependent on the number of 
simulations. Therefore, as a computational 

-

Monte Carlo procedures while the link-based 
algorithm does. This property can indeed be 
considered as a compensation for the lower 

in comparison with the link-based algorithm. 

5.2.3  Sensitivity to the Level of Congestion
The level of congestion in the network is an-

models including MNP model. As discussed 
in the literature, when the network becomes 

more similar to UE. In other words, for highly 
congested networks, prediction of stochastic 

Milad Haghani Zahra Shahhoseini Majid Sarvi



192International Journal of Transpotation Engineering, 
Vol.2, No.3,  Winter 2015

than for lightly congested networks [Daganzo 

The reason is clear. When the level of travel 
demand and as a result, link travel times in-
crease, the systematic part of utilities plays a 
more important role in determination of prob-

Although analytically understandable, the 
aforementioned problem is important and 
needs to be numerically investigated in the 

necessity for application of STA models for 
-

whether for highly congested networks SUE 

the problem, we considered different degrees 
of congestion level by multiplying the base 

of the network can be considered moderate, 

congestion. As Figure 5 shows, results con-

Still, they also show that even for very large 

meaningful differences between the two app- 
roaches.

Figure 5. Sensitivity of probit flow to the level of congestion
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5.3  Mixed Probit SUE

different probability distributions assumed for 
-

calculated by 1000 times of random draws. 
Number of MSA replications was also set to 

been illustrated in Tables 5 and 6, respective-
ly. As the results show, regardless of the value 
of the standard deviation, transition from clas-

Although there are differences between the re-

different values of standard deviation, one can 
say that different values of standard deviation 

-

able difference between classical MNP-SUE 
-

shortest paths, are receiving bigger shares of 
-

diction than the classical version. This more 
intensity of stochasticity was anticipaTable 

-
ditional source of randomness in route choice 
behavior. 

6. Summary, Conclusion and Future 
Research Directions
6.1  Summary
The study was centered on the application of 
MNP model in transportation network analy-
sis. Different aspects of the approach were 
considered. One of the heuristic link-based 
algorithms proposed in the literature for solv-
ing MNP-SUE problem was investigated. The 
bias of the method was studied through com-
parison with the solution of classical MNP-
SUE.
Sensitivity analyses were also conducted with 
respect to different parameters of MNP-SUE 
problem. In addition, the notion of random-

new terminology in econometrics area and 
was formulated for and applied to the route 
choice problem. While the covariance struc-
ture of MNP can address correlation and het-

to represent random taste variation in travel-

6.2  Conclusion
-

lined as follows:
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the studied link-based method in production 

• Further analysis showed that while the path-
-

ue of the calibration parameter of the model 
appearing in its covariance formulation, the 
link-based method represents a very low de-
gree of sensitivity.

nature, the link-based method proved to be 

Monte Carlo simulation iterations in predic-
-

property makes application of classical probit 
approach in large-scale networks more prom-

ising.
• Investigations also demonstrated that even 
for very highly congested networks there are 
still logical reasons for transition from UE to 
SUE approach.

also illustrated a more degree of randomness 

6.3  Future Research Directions
• The main concentration of this study was 

-
tion problem was in fact beyond the scope the 

for estimation of structured-covariance MNP 
models for road network modeling based upon 

Probit Based Traffic Assignment A Comparative Study between Link Based Simulation



195 International Journal of Transpotation Engineering,
 Vol.2, No.3, Winter 2015

modeling, however, it should be noted that 
owing to the novelty of the approach, to the 

choice modeling software packages are able 
to estimate this model and modelers have to 
develop their own codes. Further, estimation 

data sets than the classical model.
• Numerical validation of SUE-type models 

-
works can still be regarded as a gap in the lit-
erature.
• Other link-based probit assignment mod-
els proposed in the literature needs to be nu-
merically scrutinized as well to uncover that 
whether they actually produce MNP-SUE 

choice model, other variables such as path 
length, fuel price and road tolls can be further 
introduced to utility functions. 

model can be generalized to a stochastic 

• This study focused on theoretical aspects of 
SUE problem. Further studies, however, needs 
to be conducted as to the practical aspects of 
the problem notably choice set generation 

Although the number of previous studies in 
these areas is rather considerable, but the is-
sues are still open to research.
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