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Abstract

The problem of path overlapping in network modelling has been one of the main issues to be
tackled. Due to its flexible covariance structure, probit model can adequately address the problem.
Despite that probit is one of the most appealing choice models, due to the lack of closed form
expressions for evaluating choice probabilities; it has not received extensive attention by network
modeling researchers. This study is set out to focus on this approach of traffic assignment.
Computational difficulty of application of probit model in the large-scale network equilibrium
problem has triggered development of some link-based probit network loading methods which ex-
empt the analyst from generating and maintaining path-flow variables explicitly. The bias of these
heuristic link-based methods has not been studied so far. This contribution primarily focuses on
investigation of such potential bias in link-based probit assignment methods. In this research, this
bias for a certain simulated link-based method is empirically considered and investigated through
comparison with path-based probit equilibrium solution.

Capable of representing utility correlation and heteroscedasticity, probit model has always been
one of the most theoretically attractive models for representing route choice behavior. However,
this soundness of theory could further be enhanced through combining the ideas of probit and
random-coefficient modeling which enables the analyst to capture random taste heterogeneity over
travelers as well.

Keywords: Probit Model, multivariate normal distribution, Monte Carlo Simulation, random-
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1. Introduction

As the final stage of traditional four-step
transportation planning models, traffic assign-
ment (TA) plays a crucial role in prediction
of flow as well as travelers’ response to any
changes in the system and thereby making
optimal efficient decisions by analysts. In this
sense, there has been a considerable effort to
enhance precision of route choice modeling.
Probabilistic approach of network modeling
was primarily developed to address and repre-
sent randomness in travelers’ behavior and to
provide a more realistic and flexible basis for
modeling transportation networks.

Since the development of the notion of sto-
chastic user equilibrium (SUE) concept by
Daganzo and Sheffi [1977] different types
of choice models were employed in this con-
text. Although there has been limited studies
in probabilistic network loading procedures
prior to the introduction of SUE, their new
formulation as a generalization to traditional
user equilibrium (UE) criteria as well as their
comprehensive discussion on enumerating
the deficiencies of multinomial logit (MNL)
model [Dial, 1971] for route choice modeling
purposes triggered considerable further stud-
ies in this area.

Theoretically, multinomial probit (MNP)
model is one of the most appealing choice
models enjoying sound underlying assump-
tions which is able to not only capture correla-
tion among random utilities but also is capable
of representing heteroscedasticity property. In
other words, probit model is potentially able
to cover the main drawbacks of MNL mod-
el in TA context. Due to the lack of analyti-
cal closed-form expressions for calculating
choice probabilities, however, this approach
of TA has not received sufficient attention by
comparison with logit-family models. Never-
theless, to alleviate computational expendi-
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ture of this model, some studies have been
dedicated to development of heuristic link-
based algorithms for probit network loading
[Sheffi and Powell, 1981; Maher 1992]. This
approach was indeed primarily aimed to ex-
empt the analyst from producing and main-
taining path-flow variables in solving network
equilibrium problem. But, along with the ad-
vances in computing technology as well as
development of efficient path generation al-
gorithms, there has been a growing recogni-
tion of path-based approach [for example, see
Bekhor et al. 2008; Prato and Bekhor, 2006;
Prato and Bekhor, 2007; Bekhor et al. 2006].
Furthermore, there is now a general consensus
that path-based approach of TA allows appli-
cation of more advanced choice models.

Due to the presence of the aforementioned
link-based algorithms, there has not been suf-
ficient impetus for investigating path-based
probit TA. In particular, to the best of our
knowledge, the bias problem for these link-
based methods has not been studied formerly.
This study intends to investigate this problem
for the Monte Carlo simulation algorithm pro-
posed by Sheffi and Powell [1981] through
numerical comparison with the path-based
probit SUE solution.

Potential capacity of random-utility theory
also allows further enhancement of theoretical
attractiveness of probit model through relaxa-
tion of the remaining restrictive assumptions,
in particular the “fixed-coefficient” assump-
tion. Although there has been considerable
studies in mixed MNL conducted in differ-
ent areas of choice modeling (including route
choice but in a very limited manner [Bekhor
et al. 2002]), to the best of our knowledge,
this approach has not yet been generalized
to mixed probit in the literature. In addition
to the previously-mentioned theoretical ad-
vantages of ordinary probit model, a mixed
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(random-coefficient) probit can also take into
account the fact that different travelers have
different sensitivities with respect to the at-
tributes of different paths, and in this sense
there can be a random taste variation over the
population of decision makers. This represen-
tation of random taste heterogeneity for mixed
probit can potentially improve the precision
of TA in describing behavior inasmuch as it
enjoys a more generalized and relaxed under-
lying assumption than the traditional probit.
This approach is formulated and applied to an
illustrative network in this study.

The remaining parts of the paper are organ-
ized as follows. Section 2 has been dedicated
to a literature review. In section 3, theoreti-
cal backgrounds for probit and mixed probit
models are provided. Section 4 defines the
methodology applied to conduct the compara-
tive part of the study. In section 5, the bias of
the link-based probit as well as application of
the proposed mixed probit model will be in-
vestigated on an illustrative network together
with some sensitivity analyses with respect to
contributing parameters of the problem. Sec-
tion 6 summarizes the paper and findings and
proposes future research directions for further
studies.

2. Literature Review

Preliminary studies in probabilistic approach
of transportation network loading can be at-
tributed to Burrell [1968] and Von Falken-
hausen [1966] both constructed upon the no-
tion of Monte Carlo simulation. Dial [1971]
also proposed an efficient link-based network
loading algorithm, supported by formal math-
ematical proof, which without requiring ex-
plicit path generation, assigns trip demands to
the subsets of the universal paths in accord-
ance with MNL formula. The algorithm, also
known as STOCH in the literature, provoked

181

many subsequent studies investigating short-
comings of the STOCH algorithm or making
attempts to propose improvements or gener-
alizations [Daganzo and Sheffi, 1977; Florian
1974; Florian and Fox, 1976; Tobin, 1977;
Fisk, 1980]. Some other researches also stud-
ied the theoretical shortcomings of STOCH
algorithm criteria for path filtration and the
concept of “efficient paths” in this algorithm
[Bell, 1995; Akamatsu, 1996].

The major deficiency of the MNL model in
network modeling purposes arises from the
fact that this model does not allow the topol-
ogy of the network to be reflected in evalu-
ation of choice probabilities. In other words,
given the values of representative utilities,
MNL choice probabilities are definite no mat-
ter what the geometrical structure of network
is. This problem gives rise to unrealistic over-
estimation of the flow on highly overlapped
paths and underestimation of the flow on more
independent paths. In addition, due to the sim-
ple diagonal homoscedastic structure of MNL
covariance matrix, absolute values of utilities,
similar to correlations, have no reflection to
calculation of choice probabilities. In other
words, when MNL is applied as the route
choice model, a (for example) 5-minutes dif-
ference of travel time in a binary route choice
situation, has the same effect in a short trip
as it has in a long journey. Still, most of the
researcher’s attention in this context has been
devoted to proposing solutions for the former
shortcoming, that is to say, the problem of path
overlapping. Miscellaneous models has been
proposed from simple modifications of MNL
model [Cascetta et al. 1996, Ben-Akiva and
Bierlaire, 1999; Bovy et al. 2008] to general-
ized extreme value-type models [Prashker and
Bekhor, 1998]. Further details of the different
types of logit-based STA models can also be
found in the study conducted by [Haghani et
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al. 2013].

Probit model, however, is theoretically capa-
ble enough to address both correlation and
heteroscedasticity problems. Application of
MNP in TA was first formulated by Daganzo
and Sheffi [1977] and further developed by
Sheffi and Powell [1981] where they proposed
a relevant covariance structure as well as a
heuristic Monte Carlo link-based method for
probit assignment. They formulated the MNP
covariance structure by pertinently relating
the elements of the matrix to network topol-
ogy. Nonetheless, Due to their proposed link-
based approach, they did not need to explicit-
ly evaluate and maintain covariance matrices.
Structuring the covariance matrix for probit-
based TA is crucial from modeling purposes
since due to the very large number of alter-
natives in route choice problem it would not
be neither practical nor possible to estimate
all elements of free (unrestricted) covariance
matrices from a choice data set. This way, the
number of covariance-related estimation pa-
rameters is substantially reduced.

Maher [1992] and Maher and Hughes [1997]
proposed another link-based method for pro-
bit-based network loading as well as a con-
vex combinations algorithm based upon it
for solving stochastic user equilibrium (SUE)
problem. The steps of the algorithm and its
node-by-node progression through network
are highly analogous to the STOCH algo-
rithm. Similar to the STOCH algorithm, link
probabilities are evaluated through “forward-
step” progression phase and network is loaded
in “backward-step” phase. The major differ-
ence is that normal distribution is assumed for
“link utilities”, and rather than having closed
form expressions for evaluating “link prob-
abilities”, Clark method [Clark, 1961] is ap-
plied for approximation of these probabilities.
In this sense, the algorithm can be regarded as
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a modified version of the STOCH algorithm
for probit model. The main advantage of this
method, in addition to the efficiency as a re-
sult of its link-based structure, is that during
the progression of the algorithm through the
network, some information is gathered which
can be utilized for evaluation of the general
SUE objective function formulated by Sheffi
and Powell [1982] and its derivatives to ap-
proximate the optimal step sizes in the convex
combinations procedure. This property indeed
adds further efficiency to the algorithm. De-
spite these advantages, however, the adequacy
of precision of Clark approximation for this
application needs to be scrutinized as Horow-
itz et al. [1982] discussed that the precision of
this approximation method significantly var-
ies from situation to situation. But more im-
portantly, whether the algorithm actually pro-
duces probit flows is arguable. Contrary to the
STOCH algorithm, this algorithm has not been
accompanied by any formal analytical proof.
Further, as stated by Akamatsu [1996], MNL
assignment contains an implicit assumption
called the “Markovian property” stating that
“the pattern of route choice from an interme-
diate node to the destination is independent of
the pattern of route choice from the origin to
that node”. This is exactly the characteristic
that allowed development of the STOCH al-
gorithm for MNL network loading. But, the
presence of this property for MNP assignment
has neither been proved nor investigated, and
it seems to be hardly likely for this property
to be valid for MNP as well. In other words, it
seems that the intrinsic Markovian property of
the STOCH algorithm has exogenously been
imposed to MNP assignment in the method
proposed by Maher [1992].

Yai and co-authors [1997] estimated a struc-
tured-covariance MNP model for train route
choice based on experimental data. Clark and
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Watling [2000] conducted a sensitivity analy-
sis of the MNP-SUE flow with respect to fac-
tors such as demand and utility coefficients.
Zhang et al. [2008] utilized MNP for dynami-
cal TA.

3. Theoretical Background

This section aims to provide a quick review
on the theoretical concept of MNP and mixed
MNP choice modeling. Simulation methods
for evaluation of probabilities are also dis-
cussed and the specification of the model for
route choice is presented.

3.1 Multinomial Probit

Let us consider a typical trip maker n who
faces a set including K paths for traveling be-
tween the origin and destination of his jour-
ney. Let us also represent the utility perceived
by the person from a typical path k by U_.
This utility consists of a systematic part, V_,
as well as a random disturbance term, ¢, (Eq.
1), which the latter contains all the factors
contributing to and affecting the decisions but
not considered by the analyst in the systematic
part. The probability distribution assumed for
the random term plays an important role from
modeling perspective as different probability
distributions would lead to different choice
models. For MNP model, error terms are as-
sumed as a vector of random variables dis-
tributed multivariate (or joint) normal (MVN)
with mean vector of 0 and an arbitrary covari-
ance matrix X (Eqgs. 2 and 3).
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fe, (E1ns Eans o E3en) = {{EH}KEHD 12 exXp (_ 2 ‘E}:'Enl' fri)

Uy 4oo U
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U = Ve + & ¥, Vk o)
£,~MVN(0,Z,) V¥n 2)
3

E, = [Cov(epn ) k=1,.,K,j=1,..,%

Theoretically speaking, the assumption of
joint normal distribution is a sound funda-
mental assumption, notably in comparison
with the assumption of identical and inde-
pendent Gumbel distributions for MNL. This
assumption is also supported by multivariate
central limit theorem [Rice, 1995]. This flex-
ible assumption also allows representation
of substitution patterns of any type [Train,
2009]. In other words, by specification of the
covariance matrix, the analyst is able to take
into account heteroscedasticity as well as any
type of correlation structure between utilities.
In general, each covariance matrix is always
symmetric and non-negative definite (or
equivalently, positive semi-definite) [Eaton,
1983]. A MVN distribution is called non-
degenerate whenever its covariance matrix is
(strictly) positive definite. For a non-degener-
ate MVN distribution, there is a closed-form
probability distribution function. This closed
form for distribution of error disturbances
specified in Eq. 2 is as Eq. 4 where [ | sig-
nifies determinant of X . The probability for
alternative k to provide the most utility and
hence to be chosen by person n is also given
by the multivariate integral in Eq. 5. The in-
tegral generally cannot be solved analytically,
and accordingly, simulation or approximation
methods are required for evaluation of MNP
probabilities. Different approximate methods

4)

®)
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have been proposed for this paper in the litera-
ture upon which Rosa [2003] has made a com-
prehensive review. Different simulation meth-
ods are also available [Train, 2009] among
which we have implemented the accept-reject
method because of its simplicity.

According to the accept-reject method, the
major problem for simulation of MNP prob-
abilities is to generate random draws from
MVN distributions. In general, to generate a
K-dimensional vector v from a MVN distribu-
tion with mean p and covariance X, the fol-
lowing steps should be taken [Eaton, 1983]:
1- Produce a vector of K standard normal
random draws: zT:zl,...,zK.

2- Find real matrix A in such a way that:
AA=L,

3- Set v=p+Az.

Therefore, the main problem is to find a ma-
trix A which when multiplied by its transpose,
produces the covariance matrix. In the case
that the covariance is positive definite, the
matrix A can easily be obtained by Cholesky
factorization method [Horn, 1985]. In the gen-
eral case of positive semi-definiteness, how-
ever, this can be done by the method called
spectral decomposition (or eigendecomposi-
tion) [Horn, 1985]. Simply, in this method, A
can be calculated by Eq. 6 in which M is an
orthogonal matrix for which the jth column is
the jth eigenvector of covariance matrix X and
A is a diagonal matrix containing the corre-
sponding eigenvalues.
A=MA"? (6)
Our specification of covariance matrix for
path utilities corresponding to a particular
origin-destination (O-D) pair is compatible
with the implicit specification of Sheffi and
Powell [1981]. The structured covariance ma-
trix is given in Eq. 7 in which |_k represents
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the length of path k and 1_kj denotes the com-
mon length of paths k and j. According to the
formulation of Sheffi and Powell [1981], the
path length can be substituted by free-flow
path travel time as well. The parameter B is
to be calibrated and can be interpreted as the
variance of utility perceived from a segment
of path with one unit length. So, this specifi-
cation assumes that the variance of error (or
utility) for each path is proportionate with the
length of that path and the covariance between
random utilities of each pair of paths is pro-
portionate with their shared segment length.
The less the value of B, the more similar is the
flow pattern to the traditional user equilibrium
(UE) solution.

In univariate case, the systematic part of util-
ity can also be specified as Eq. 8 in which t k
denotes path travel time and a is its utility
coefficient. In accordance with the study of
Sheffi and Powell [1981] we have set a =1.
Additionally, to compare the link-based and
path-based MNP assignments, we have exam-
ined different values of = 1, 2, 3, 4 in nu-
merical experiments.

L Lix (7)
pepl 2 L

ler Iy Ly
V, = —at, Vk (8)

3.2 Mixed Multinomial Probit

In classical MNP, the coefficient a is assumed
to be a fixed value for the whole population
of decision makers indicating that all travelers
have a similar degree of sensitivity to travel
time in their route choice. The more general-
ized random-coefficient (or mixed) specifica-
tion allows the modeler to assume a probabil-
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ity distribution for the coefficients. This way,
he/she can take into consideration the fact that
different decision makers have different tastes
and as a result, there can be a distribution of
tastes over the population of travelers. There-
fore, the mixed MNP modeling approach ad-
dresses random taste variation as well as the
aforementioned theoretical benefits of the
classical MNP model.

To generalize our route choice model specified
in Egs. 7 and 8 to random-coefficient model,
a probability distribution should be attributed
to a. Theoretically, different distributions are
applicable. Two common assumptions, how-
ever, are normal and log-normal distributions
[Train, 2009] at least for mixed MNL mod-
eling which is the only available published
random coefficient modeling approach in the
choice modeling literature. Both the two nor-
mal and log-normal distributions serve our
modeling purpose. But, in cases such as route
choice where the modeler has a prior assump-
tion about the sign of a certain parameter,
log-normal distribution provides a theoreti-
cal benefit since it takes only positive values.
While normal distribution allows both nega-
tive and positive values, for variables such
as travel time which the analyst believes that
all decision makers are trying to avoid, log-
normal distribution provides more theoretical
soundness. In this study and in implementa-
tion of mixed MNP model, we assumed o to
be distributed log-normally as Eq. 9, where m
and s are parameters of the distribution, that
is, mean and standard deviation respectively.
For numerical implementations in the follow-
ing section, different distributions will be ex-
amined setting m=1 and varying the value of
the standard deviation. We have also set =1
for mixed model.
Ina~N(m,s?)

©)
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In order to calculate mixed MNP probabilities,
a further simulation procedure is required.
Theoretically, mixed MNP probabilities, P [1
kn, are the solution of the integral given in Eq.
10 which is simply the integral of the classical
MNP probabilities over the density probabil-
ity function of a. As this integral cannot be
analytically solved as well, it has to be simu-
lated. Simulation of the integral, however,
is straightforward. One should draw random
samples from the density function of a, then
simulate MNP probability for each random
draw (as explained previously), repeat this
procedure for many times and finally average
the results over the simulation iterations.

ﬁkn = fpkn f(a)da (10)

4. Methodology Definition

In order to conduct the comparative study
introduced in the previous sections between
the Monte-Carlo simulation link-based MNP
traffic assignment and its path-based coun-
terpart approach, we will apply both methods
on a small illustrative network which allows
us first, to conduct the path-based assignment
on the full sets of paths (exhaustive path enu-
meration), and second, allows us to represent
the detailed values of link (or path) flows in
manageable-sized Tables. Then we will pro-
vide some statistical comparisons to further
clarify the potential bias that application of the
link-based simulated method might engender.
In other words, we are regarding the values
of the path-based probit flows as the “true”
probit values (as they have resulted from ap-
plication of MNP in its standard fashion) and
then we will investigate the extent to which
the heuristic link-based method is capable of
reproducing those flows, and through which
we will answer the question that how accurate
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the link-based algorithm is.

5. Numerical Examples

Numerical investigations and comparisons
have been conducted on the illustrative net-
work proposed by Nguyen and Dupuis [1984]
(Figure 1). The network was chosen as the
basis of comparison since its manageable
size facilitates representation of link and path
flows as well as sensitivity analyses. The pro-

posed logit route choice models are applied
in the pedagogical network of Nguyen and
Dupuis (1984) with 13 nodes, 19 links, and
4 O-D pairs (Figure 1). O-D pairs of (1,2),
(1,3), (4,2) and (4,3) have, respectively, travel
demand of 400,800,600 and 200 units. The
volume-delay function of T, (x, )=a +B, x_, in
which (T), is travel time, and x, is flow on
link a, is utilized. The values of parameters o,
and [, are presented in Table 1.

Figure 1. lllustrative network

Table 1. Parameters of link volume-delay functions for illustrative network

Link Start Node End Node a, B,

1 1 5 7 0.0125
2 1 12 9 0.01

3 4 5 9 0.01

4 4 9 12 0.005
5 5 6 3 0.0075
6 5 9 9 0.0075
7 6 7 5 0.0125
8 6 10 13 0.005
10 7 11 9 0.0125
1 8 2 9 0.0125
12 9 10 10 0.005
13 9 13 9 0.005
14 10 1 6 0.0025
15 11 2 9 0.005
16 1 3 8 0.01

17 12 6 7 0.0125
18 12 8 14 0.001
19 13 3 11 0.001
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5.1 Comparison of Link-based and Path-
Based Probit Assignment

Table 2 illustrates the result of TA for path-
based probit as well as the link-based Monte
Carlo method proposed by Sheffi and Powell.
Equilibrium link flows were obtained by path-
based and link-based versions of the method
of successive averages (MSA) [Sheffi and
Powell, 1981] respectively and by 1000 itera-
tions of the algorithm. To mitigate the stochas-
tic effects of simulation to the least possible
extent, choice probabilities were obtained by
10,000 number of simulation iteration which
can be regarded as a fairly large number for
this implementation. Also, as already men-
tioned, in order to eliminate the effect of the
generated choice set size on the result of com-
parison between path-based and link-based
assignment, an exhaustive path enumeration
approach has been applied, that is to say, all
possible paths between each pair of O-D have
been produced and used in the path-based TA

procedure. For larger-scale networks, howev-
er, utilizing a method for generating subsets of
the universal sets of paths will be inevitable,
the discussion of which is outside the scope
of this contribution. [Prato and Bekhor, 2006;
Prato and Bekhor, 2007; Haghani et al. 2014].
As Table 2 shows, for each particular value
of B, the SUE flows obtained by the heuristic
link-based method proves to be considerably
different from the MNP-SUE flows. In order
to facilitate the comparison, we also have cal-
culated the absolute value of the percentage of
relative difference between the corresponding
flows. Results demonstrate that the average of
this difference for f=1,2,3,4 is roughly 20%,
26%, 29% and 31% respectively, and the
maximum would amount to 61%, 67%, 69%,
and 78%. This result has also been illustrated
in Figure 2. Table 3 also represents the MNP-
SUE path flows along with equilibrium path
times which are obviously associated with the
path-based algorithm.

Table 2. Comparison of path-based and link-based probit link flows

Link p=1 p=2 p=3 p=4

Number Path- Link- | RD | Path- Link- | RD | Path- Link- | RD | Path- Link- RD
Based Based | (%) | Based Based | (%) | Based Based | (%) | Based Based (%)

1 681 704 3.4 691 703 17 696 702 0.9 700 702 0.3
2 519 496 4.4 509 497 2.4 504 498 1.2 500 498 0.4
3 262 102 61.1 309 103 66.7 338 104 69.2 358 105 70.7
4 538 698 29.7 491 697 42.0 462 696 50.6 442 695 57.2
5 527 440 16.5 556 441 20.7 574 441 23.2 587 441 249
6 416 366 12.0 R 365 17.8 460 365 20.7 472 365 22.7
7 430 354 17.7 459 356 22.4 478 357 253 492 357 27.4
8 309 182 41.1 340 183 46.2 358 183 48.9 371 184 50.4
9 163 102 37.4 179 103 42.5 188 104 44.7 193 105 45.6
10 266 252 5.3 280 253 9.6 291 253 1341 299 252 15.7
11 470 502 6.8 444 503 133 428 503 17.5 417 504 20.9
12 453 498 9.9 462 497 7.6 468 496 6.0 473 495 4.7
13 501 566 13.0 473 565 19.5 455 565 24.2 441 565 28.1
14 762 680 10.8 803 679 15.4 827 679 17.9 843 679 19.5
15 530 498 6.0 556 497 10.6 572 497 13.1 583 496 14.9
16 499 434 13.0 527 435 175 545 435 20.2 559 435 22.2
17 212 97 54.2 244 98 59.8 263 99 62.4 276 99 64.1
18 307 400 30.3 265 399 50.6 241 399 65.6 224 399 78.1
19 501 566 13.0 473 565 19.5 455 565 24.2 441 565 28.1

Note: RD (%) indicates the (absolute) percentage of the relative difference
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Table 3. Equilibrium path flows and path times for MNP assignment

. p=1 p=2 p=3 p=4
0-D NE{‘::H SeE;:ﬁce Path Path | Path Path | Path Path | Path Path
Flow Time | Flow Time | Flow Time | Flow Time
1 2-18-11 307 46.1 | 265 453 | 241 448 | 224 444
2 1-5-7-9-11 21 548 | 27 55.3 30 557 32 55.9
3 1-5-7-10-15 17 568 | 20 57.8 22 58.5 24 59.0
1-2 4 1-5-8-14-15 23 56.6 29 57.3 32 57.7 34 58.0
5 1-6-12-14-15 10 59.5 20 60.1 25 60.4 30 60.7
6 2-17-7-9-11 6 56.1 11 56.7 14 570 17 572
7 2-17-7-10-15 7 58.2 11 59.2 14 598 16 602
8 2-17-8-14-15 10 579 17 58.6 21 59.0 24 593
9 1-6-13-19 350 55.2 334 55.1 322 55.0 314 54.9
10 1-5-7-10-16 104 58.1 93 59.3 90 60.1 88 60.6
1-3 11 1-5-8-14-16 115 57.9 110 58.8 107 59.3 106 59.7
12 1-6-12-14-16 41 60.8 58 61.6 67 62.0 73 62.4
13 2-17-7-10-16 88 595 95 607 | 98 614 | 100 619
14 2-17-8-14-16 102 593 | 111 601 | 116 60.6 | 119 610
15 4-12-14-15 360 465 | 327 466 | 307 466 | 293  46.6
16 3-5-7-9-11 136 50.9 141 51.8 143 52.4 144 52.8
4-2 17 3-5-7-10-15 44 529 | 51 54.3 55 55.1 58  55.8
18 3-5-8-14-15 51 52.7 63 53.7 69 54.4 73 54.9
19 3-6-12-14-15 8 55.6 18 56.5 25 57.1 31 57.5
20 4-13-19 145 422 | 127 415 | 117 411 | 109 408
21 4-12-14-16 32 47.8 37 48.0 39 48.2 39 48.3
4-3 22 3-6-13-19 6 51.3 12 51.5 16 516 | 18 517
23 3-5-7-10-16 7 54.2 10 55.8 11 56.7 13 57.4
24 3-5-8-14-16 8 54.0 11 55.2 14  56.0 15  56.5
25 3-6-12-14-16 1 56.9 3 58.0 4 58.7 6 59.2
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Figure 2. Comparing the link-based and path-based MNP link flows in terms of the absolute
value of percentage of relative difference.
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5.2 Sensitivity Analysis

Sensitivity analyses of equilibrium flows will
be made in this section with respect to differ-
ent parameters of the problem including the
value of the parameter 3, number of simula-
tion iterations and level of congestion.

5.2.1 Sensitivity to f

In order to investigate the effect of  on pre-
diction of MNP-SUE flow, a sensitivity analy-
sis was conducted. Figure 3 illustrates varia-
tion of equilibrium link flows for some certain
links of our example network when B is var-
ied from 0 to 20 for both path-based and link-
based approaches. As can be seen, while the
path-based equilibrium solution is significant-
ly dependent on the value of B, particularly
on an interval of f=0 to =5, the result of the
link-based algorithm is only slightly sensitive
to this parameter.

Figure 4 depicts the sensitivity in terms of path
flows connecting a particular O-D pair (O-D

800 -

pair 4-2), obviously for the path-based meth-
od. This additional figure aims to graphically
demonstrate the fact that, contrary to what has
been mentioned in some previous studies [for
example, Prashker and Bekhor, 2000], as the
variance of errors approaches to infinity, SUE
path flows corresponded with each O-D pair
do not tend to equal values. The proposition
has mistakenly been stated in some published
studies that when the variance of error terms
tends to infinity, based on all stochastic mod-
els forecast, travelers become indifferent to
various paths and path utilities are perceived
equally. But, as the Figure 5 shows, this state-
ment is not true for MNP model. In general,
the proposition is only valid for the simple
MNL model due to its diagonal covariance
structures. From the perspective of other mod-
els which are able to represent correlation,
path probabilities and as a result, path flows
are determined by the covariance structure
and necessarily do not lead to equal values
when variance approaches to infinity.
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Figure 3. Sensitivity of probit link flows to the value of 3.

600 -
500
400
2 —+¢—path 15
o
= —&—path 16
= 300
- ~#—path 17
[-¥
200 —e—path 18
===path 19
100
0 f
0.00 5.00 10.00 15.00 20.00 25.00

Figure 4. Sensitivity of probit path flows to the value of f3.

International Journal of Transpotation Engineering, 190
Vol.2, No.3, Winter 2015



Milad Haghani, Zahra Shahhoseini, Majid Sarvi

5.2.2 Sensitivity to the Number of Simulation
Iterations

One important factor that significantly affects
computational expenditure of probit-based TA
is the number of simulation iterations which
the analyst has to set to obtain probit probabil-
ities. Table 3 represents the sensitivity of the
flow to the number of simulation iterations for
both path-based and link-based methods. The
results are correspondent with B=1. As can
be observed, while path-based probit simula-
tion approaches to its long-run solution quite
rapidly, the result of the link-based method
is considerably dependent on the number of
simulations. Therefore, as a computational
benefit, the path-based method does not basi-

Table 4. Sensitivity of the MNP link flows

cally require very large number of iterations in
Monte Carlo procedures while the link-based
algorithm does. This property can indeed be
considered as a compensation for the lower
degree of efficiency for path-based approach
in comparison with the link-based algorithm.

5.2.3 Sensitivity to the Level of Congestion

The level of congestion in the network is an-
other influential factor in prediction of STA
models including MNP model. As discussed
in the literature, when the network becomes
more congested, SUE flow becomes more and
more similar to UE. In other words, for highly
congested networks, prediction of stochastic
models is more similar to UE flow pattern

to the number of simulation iterations

Path-Based Link-Based
Link 2 2 2 £ 2 = 2 = 2 2
Tilef 2f 25 25 82 |2f -f £ 2£ 85
Number = 3 ##8 S 5% &% 2% | =% w8 S8 &= ==
5 5 "5 —5 =5 5 5§ "5 —5 =§
= = = = = = = = = =
1 680 698 697 698 698 672 684 688 699 704
2 520 502 503 502 502 528 516 512 501 496
3 262 344 344 344 344 187 140 129 106 102
4 538 456 456 456 456 613 660 671 694 698
5 527 578 577 577 577 481 457 451 442 440
6 415 464 464 464 464 378 367 366 363 366
7 429 483 482 482 482 393 367 365 355 354
8 311 362 362 362 362 248 214 203 190 182
9 163 189 189 189 189 140 122 117 105 102
10 266 294 293 293 293 253 246 247 249 252
11 471 425 425 425 425 508 513 513 504 502
12 453 468 469 469 469 450 469 476 494 498
13 500 451 451 451 451 541 558 561 563 566
14 764 830 831 831 831 697 683 679 684 680
15 529 575 575 575 575 492 487 487 496 498
16 500 549 549 549 549 459 442 439 437 434
17 212 266 267 267 267 159 124 117 102 97
18 307 236 236 236 236 368 392 395 399 400
19 500 451 451 451 451 541 558 561 563 566
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than for lightly congested networks [Daganzo
and Sheffi, 1977; Sheffi and Powell, 1981].
The reason is clear. When the level of travel
demand and as a result, link travel times in-
crease, the systematic part of utilities plays a
more important role in determination of prob-
abilities and in asymptotic case, the influence
of error disturbances pales into insignificance
and predicted flow pattern tends to UE.

Although analytically understandable, the
aforementioned problem is important and
needs to be numerically investigated in the
sense that it can in fact question the logical
necessity for application of STA models for
highly congested networks. Numerical exami-
nations seems to be required to uncover that

whether for highly congested networks SUE
models are indeed unnecessary. To quantitate
the problem, we considered different degrees
of congestion level by multiplying the base
demand vector of our example network by
factors A=0.5, 1, 2 and 3. As the base demand
of the network can be considered moderate,
A=3 can be regarded as a very high level of
congestion. As Figure 5 shows, results con-
firm the prior assumption as to the increase of
similarity between UE and MNP-SUE flows.
Still, they also show that even for very large
levels of congestion, there are significant and
meaningful differences between the two app-
roaches.
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Figure 5. Sensitivity of probit flow to the level of congestion
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5.3 Mixed Probit SUE

Mixed MNP-SUE flows were obtained for
different probability distributions assumed for
the coefficient of travel time. Probit probabili-
ties as well as mixed probabilities each were
calculated by 1000 times of random draws.
Number of MSA replications was also set to
1000. Equilibrium link and path flows have
been illustrated in Tables 5 and 6, respective-
ly. As the results show, regardless of the value
of the standard deviation, transition from clas-
sical to random-coefficient MNP has made a
significant contribution to prediction of flow.
Although there are differences between the re-
sults of applying mixed MNP assignment with
different values of standard deviation, one can
say that different values of standard deviation
has led to by-and-large similar flow patterns.
By comparison, however, there is a remark-

Table 5. Mixed MNP link flows

Link n=1.0 | n=1.0 | n=1.0
Number | s=0.2 | s=0.4 | s=0.6

1 708 707 706
2 492 493 494
3 399 393 386
4 401 407 414
5 613 606 597
6 494 494 495
7 520 515 508
8 394 388 381
9 203 201 197

10 317 314 311
11 394 397 398
12 481 481 482
13 414 420 427
14 875 869 863
15 606 603 602
16 586 580 573
17 301 298 293
18 191 196 201
19 414 420 427

able difference between classical MNP-SUE
and mixed MNP-SUE predictions. Compar-
ing the figures presented in Tables 3 and 6
one can conclude that the mixed approach has
produced a more disperse flow pattern with
higher degrees of stochasticity in route finding
than non-mixed MNP. In other words, non-
shortest paths, are receiving bigger shares of
the total demand based upon mixed-MNP pre-
diction than the classical version. This more
intensity of stochasticity was anticipaTable
inasmuch as the mixed model captures an ad-
ditional source of randomness in route choice
behavior.

6. Summary, Conclusion and Future
Research Directions

6.1 Summary

The study was centered on the application of
MNP model in transportation network analy-
sis. Different aspects of the approach were
considered. One of the heuristic link-based
algorithms proposed in the literature for solv-
ing MNP-SUE problem was investigated. The
bias of the method was studied through com-
parison with the solution of classical MNP-
SUE.

Sensitivity analyses were also conducted with
respect to different parameters of MNP-SUE
problem. In addition, the notion of random-
coefficient MNP-SUE was introduced as a
new terminology in econometrics area and
was formulated for and applied to the route
choice problem. While the covariance struc-
ture of MNP can address correlation and het-
eroscedasticity, the mixing procedure is able
to represent random taste variation in travel-
er’s route finding.

6.2 Conclusion
The primary findings of the study can be out-
lined as follows:

193 International Journal of Transpotation Engineering,

Vol.2, No.3, Winter 2015



Probit-Based Traffic Assignment:A Comparative Study between Link-Based Simulation

Table 6. Mixed MNP-SUE path flow and path time

n=1.0 n=1.0 nr~=1.0
Path . 5=0.2 s=0.4 5=0.6

O-D | Number | Link sequence i path | Path Path | Path Path
Flow Time | Flow Time | Flow Time

1 2-18-11 191 438 | 196 438 | 201 439

2 1-5-7-9-11 36 564 | 35 563 | 34 56.1

3 1-5-7-10-15 26 599 | 26 598 25 595

1-2 4 1-5-8-14-15 37 586 | 36 585 | 34 584
5 1-6-12-14-15 37 61.2 36 61.1 35 611

6 2-17-7-9-11 23 577 | 22 576\ 22 574

7 2-17-7-10-15 20 61.2 20 61.0 20 608

8 2-17-8-14-15 30 599 | 29 598 28 59.7

9 1-6-13-19 296 548 | 300 548 | 307 549

10 1-5-7-10-16 87 618 | 87 616 | 86 613

1-3 11 1-5-8-14-16 104 605 | 104 603 103 601
12 1-6-12-14-16 85 63.0 | 83 629 | 81 62.8

13 2-17-7-10-16 104 63.0 | 103 628 | 102 626

14 2-17-8-14-16 124 617 | 123 616 | 121 614

15 4-12-14-15 266 466 | 271 466 | 277 46.6

16 3-5-7-9-11 145 53.6 | 144 534 | 141 531

4-2 17 3.5-7-10-15 | 64 571 | 63 569 | 62 566
18 3-5-8-14-15 81 558 | 79 556 77 55.4

19 3-6-12-14-15 | 44 583 | 43 582 | 43 581

20 4-13-19 95 402 | 97 40.3 | 100 405

21 4-12-14-16 | 40 485 | 39 484 | 37 484

4-3 22 3-6-13-19 23 51.9 22 519 21 52.0
23 3-5-7-10-16 | 15 589 | 16 586 | 16 583

24 3-5-8-14-16 | 18 576 | 18 574 | 18 571

25 36-12-14-16 | 9 601| 9 600| 9 599

* Results showed a significant level of bias for ising.

the studied link-based method in production
of MNP-SUE flow.

* Further analysis showed that while the path-
based MNP flow is quite sensitive to the val-
ue of the calibration parameter of the model
appearing in its covariance formulation, the
link-based method represents a very low de-
gree of sensitivity.

* Although more efficient due to its link-based
nature, the link-based method proved to be
significantly dependent on the number of
Monte Carlo simulation iterations in predic-
tion of flow while the path-based method ap-
proaches to the long-run result quickly. This
property makes application of classical probit
approach in large-scale networks more prom-
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* Investigations also demonstrated that even
for very highly congested networks there are
still logical reasons for transition from UE to
SUE approach.

* Application of random-coefficient approach
also illustrated a more degree of randomness
in prediction of flow than the classical non-
mixed MNP.

6.3 Future Research Directions

* The main concentration of this study was
indeed on flow prediction and model estima-
tion problem was in fact beyond the scope the
present research. Further studies are required
for estimation of structured-covariance MNP
models for road network modeling based upon



Milad Haghani, Zahra Shahhoseini, Majid Sarvi

experimental data. Regarding the mixed-MNP
modeling, however, it should be noted that
owing to the novelty of the approach, to the
best of our knowledge, none of the existing
choice modeling software packages are able
to estimate this model and modelers have to
develop their own codes. Further, estimation
of mixed MNP models demands far more rich
data sets than the classical model.

» Numerical validation of SUE-type models
based on flow observations of real-sized net-
works can still be regarded as a gap in the lit-
erature.

» Other link-based probit assignment mod-
els proposed in the literature needs to be nu-
merically scrutinized as well to uncover that
whether they actually produce MNP-SUE
flows.

* To enhance explanatory power of the route
choice model, other variables such as path
length, fuel price and road tolls can be further
introduced to utility functions.

* In addition, to relax the implicit restrictive
assumption of fixed travel demand, the STA
model can be generalized to a stochastic
“mode choice-traffic assignment” model.

* This study focused on theoretical aspects of
SUE problem. Further studies, however, needs
to be conducted as to the practical aspects of
the problem notably choice set generation
and efficiency of the equilibrium algorithm.
Although the number of previous studies in
these areas is rather considerable, but the is-
sues are still open to research.
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