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Abstract
Compared to center-based hemodialysis (HD), peritoneal dialysis (PD) has many advantages among which cost
effectiveness and comfort of patients are the most important ones. On the other hand the number of PD patients is so
small and even decreasing worldwide due to difficulties of this mode of dialysis. Therefore to encourage dialysis
patients to choose PD, health system must provide a proper set of care services proportional to special needs of these
patients. Applying operations research (OR) as an efficient mathematical tool and considering the realistic
assumptions such as travel time uncertainty, first a Vehicle Routing Problem model is presented to serve PD patients
at home with special logistic services. Thereafter, based on the criticality of timeliness in providing healthcare service,
a conservative method called robust optimization, is applied to handle time uncertainty. The corresponding results
show that the proposed method at the maximum uncertainty level has less than 30% variations in results and in
comparison with the deterministic model increases the costs only by 1.2%. With small variations in results, this model
can handle the travel time uncertainty properly and is highly appropriate and practical to be used in a sensitive
application like healthcare where timeliness is crucial.
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1. Introduction
The process of removing waste fluid and products
from body is called dialysis. It becomes necessary
when kidneys fail to filter the blood properly. In
hemodialysis (HD) an external machine is used as
a filter while in peritoneal dialysis (PD) the
Peritoneum is applied instead of filter.
Many researchers have compared PD and HD
from different aspects such as economic
efficiencies, mortality rates and convenience.
According to economic evaluations, annual
treatment costs of PD are 30% – 40% less than
center-based HD costs [Klarenbach and Manns,
2009]. Patients using PD method, also would
have better chance of overall and early survival
[Perl et al., 2015]. Not only is PD cost effective
for either patients or National Health Service
(NHS), but also it has the potential to enhance the
life quality of patients [Treharne et al., 2014].
Moreover, PD is flexible in the sense that based
on patient condition it can be done at home
without anyone’s help and does not need regular
commute to a dialysis center. Therefore,
satisfaction and autonomy can lead patients with
end-stage renal disease to prefer PD to HD. As
the most important deciding actor, patients
choose between PD and HD based on their
preferences and special conditions [Perl et al.
2015, Liem et al. 2007, McDonald et al. 2009,
Rubin et al. 2004, Cheraghi et al. 2017].
Although PD has many advantages, this method
usage decreased in developed countries by 5.3%
from 1997 to 2008. According to statistics
revealed in 2008, only 11% of renal failure
patient population used PD [Jain et al., 2012]. The
main reason why patients prefer HD may be that
it is done only three times a week compared to
PD, which must be done 4 to 5 times every day or
automatically each night by automated peritoneal
dialysis (APD) machine. Another reason could be
that while HD is done in a dialysis center where
trained nurses monitor the whole procedure, PD
have to be done at home without any professional
aid [Rubin et al., 2004]. Reported Statistics from
2009 to 2014 in United States show that among
every 128 patients 16 percent withdraw from PD
because of lack of service [Workeneh et al.,
2015]. A large percentage of renal failure patients
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are elderlies, who have worse mental and
physical conditions and need special care
[Stevens,Viswanathan and Weiner, 2010, Yu et
al., 2016]. Based on a research done in Singapore,
50% of elderly PD patients were not capable of
doing their daily treatment tasks independently
[Griva et al. 2014, Riahi et al. 2013]. Taking all
the aforementioned matters into account, it can be
concluded that to encourage renal patients to
choose PD, heath care systems should provide
appropriate home care services for them.
Having provided a proper set of services for
patients with end-stage renal disease at home, PD
would seem as an ideal choice for them. Serving
PD patients at home can be considered as a Home
Health Care (HHC) issue. By constructing an
appropriate model based on special needs of PD
patients and optimizing the function of this
model, PD can be replaced by HD and finally
such a model can be well used in reality by HHC
companies.
The contributions of this paper to the present
literature are that:
1. The first practical operations research model
to serve PD patients is presented.
2. The model is constructed to satisfy PD
patients needs to both health commodities
(PD packs, drugs etc.) and health staff such
as nurses and technicians of APD machines.
No other HHC research has considered the
routing of health commodities and staff
together.
3. A hard worst case robust optimization
approach is presented to face the uncertainty
in vehicle travel time, in order to guaranty the
timeliness of serving PD patients. No HHC
research has applied this robust optimization
approach.
This model is both conservative and cost effective
in the sense that it contains realistic assumptions
about time uncertainty in service giving and has
much less costs compared with center-based HD.
The remainder of this paper is organized as
follows: In following section the relevant
literature is reviewed. In Section 1.1, the
proposed mathematical model is demonstrated.
Section 2 and 3 concern with computational
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results and finally, conclusions and a number of
directions for future research are given in Section
4.

1.1 Literature Review
Nowadays it is more fruitful to serve patients at
home. As it was stated in Bertels and Fahle
[Bertels and Fahle, 2006], services such as
visiting patients and treating them at home are
called HHC. According to the growing trend of
antimicrobial resistance and the risk of getting
infection in hospitals due to the weakened
immune system of patients, HHC would be an
appropriate option for them. Besides, providing
HHC service is much less expensive than patient
hospitalization and related hoteling costs. These
are not the only advantages of HHC and other
benefits such as punctuality and desirability of
service, time saving, reducing traffic load and
patients’ comfort can also be also noted
[Cappanera, Scutellà and Visintin, 2014,
Lanzarone and Carello, 2014, Jokar and
Hosseini-Motlagh 2015].
Despite the importance of HHC just a limited
number of papers have considered this issue.
Ramus et al. [Torres-Ramos et al., 2014]
presented a mathematical model for HHC
scheduling and routing problem as an integration
of nurse rostering problem and vehicle routing
problem (VRP). In this study a mixed integer
linear programming model based on time
windows limitation and other related constraints
is constructed and the problem is solved using
exact mathematical methods. By extending the
Barnhart et al. [Barnhart et al., 1998] and
Bredström and Rönnqvist [Bredstrom and
Rönnqvist, 2007] models, Done et al. [Dohn et
al., 2008] solved the home care crew scheduling
problem with branch-and-price method. In this
mixed integer model, continuous variable is used
to schedule visits while binary variable is applied
to assign visits to healthcare workforce.
Kergosien, Lenté and Billaut [Kergosien, Lenté
and Billaut, 2009] solved the crew routing
problem of HHC staff using branch-and-bound
approach. The effect of pattern generation
policies on scheduling and routing decisions in
HHC was surveyed by Cappanera and Scutell
[Cappanera and Scutellà, 2013]. In this

investigation the pattern was equivalent to a set of
scenarios which incorporate different decision
levels.
Most of articles in the field of HHC applied
heuristic and meta-heuristic methods to optimize
large-scaled problems. Triki, Garaix and Xie
[Triki, Garaix and Xie, 2014] used a two-stage
method to solve the periodic HHC problem with
time windows. They applied a MIP-based
neighborhood search and tabu search (TS)
algorithm to solve and improve the proposed
model. Cheng and Rich [Cheng and Rich, 1998]
surveyed the nurse scheduling problem and
applied two heuristic methods to solve this
problem. Trautsamwieser, Gronalt and Hirsch
[Trautsamwieser, Gronalt and Hirsch, 2011]
proposed the daily scheduling of HHC service in
the time of natural disaster in Austria. Variable
neighborhood search (VNS) was applied to solve
the proposed model. Begur, Miller and Weaver
[Begur, Miller and Weaver, 1997] designed a
decision support system for the United States
HHC staff planning problem. Clarke and wright
savings algorithm and the nearest neighborhood
heuristic method was applied to optimize routes.
[Nikkhah Qamsari et al., 2017, Cheraghi and
Hosseini-Motlagh, 2017, Majidi et al., 2017]
Some articles separated the allocation and routing
decisions in HHC claiming that handling these
two simultaneously is computationally harder
than a two-phase manner. Yalçındag et al.
[Yalçındağ et al., 2014] considered the routing
and assignment problem in HHC by a two-phase
approach. They estimated the travel time by
means of Kernel regression. Bertels and Fahle
[Bertels and Fahle, 2006] firstly found a feasible
solution to HHC nurse rostering and routing
problem applying constraint programming and
then optimized the solution using simulated
annealing (SA) and TS meta-heuristics. Nickel,
Schröder and Steeg [Nickel, Schröder and Steeg,
2012] considered the allocation and routing
problem of HHC in Germany. They applied a
two-stage approach for weekly planning, in
which a heuristic method was applied to construct
an initial solution and thereafter the obtained
solution was optimized. Braekers et al. [Braekers
et al., 2016] studied a multi-objective routing and
scheduling problem in HHC. They used a
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combination of multi-directional local search and
large neighborhood search (LNS) to solve the
problem. In contrast with previous works, Liu et
al. [Liu et al., 2013, Liu, Xie and Garaix, 2014]
proposed the ordinary and periodic routing
problem of commodities in HHC. They
considered two nodes other than patients’ homes
and depots including hospital and laboratory in
vehicle tour which provided special pickup and
delivery services for patients. They solved the
proposed problem using genetic algorithm (GA)
and TS meta-heuristics. They also handled the
periodic problem with a combination of multidirectional local search heuristic and LNS.
Kergosien, Ruiz and Soriano [Kergosien, Ruiz
and Soriano, 2014] study was also different from
HHC literature; they proposed the problem of
gathering biological samples from patients’
homes as a VRP in HHC. They constructed an
integer programming model and solved it by TS
and VNS meta-heuristics.
HHC companies perform many daily logistic
activities such as providing repair and
maintenance services for medical equipment
(which are vital for patients and cannot be
transferred to a repair shop), delivering medicines
to patients’ homes, gathering unused devices and
medicines, picking up laboratory samples and
bringing physicians to patients’ bedside [Liu et
al., 2013, Kergosien, Ruiz and Soriano, 2014].
Therefore, to serve patients at home, a given
HHC company is faced with a VRP with some
specific features and constraints such as pickups
and deliveries and time windows. Patients are
usually dispersed and far apart from each other.
In order to reduce service costs along with
enhancing service level, it is better to serve all the
pickup and delivery needs of each patient
simultaneously with one vehicle. The VRP with
simultaneous delivery and pickup and time
windows (VRPSDPTW) was introduced by Min
[Min, 1989] for the first time. In this model along
with the basic assumptions of vehicle routing
problem, customers’ delivery and pickup
demands are responded simultaneously within a
specific time windows.
Timeliness of the service is a critical issue in
health care and violation from the due time is so
costly that it is not allowed, on the other hand
International Journal of Transportation Engineering, 214
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keeping patients waiting can result in
dissatisfaction and customer loss. Another point
is that in reality travel time of vehicles is
uncertain. This uncertainty can be caused by
traffic load, car accidents, bad weather
conditions, etc. Therefore providing a timely
service would be challenging and needs careful
management. This means that an appropriate
method must be chosen to face uncertainties; A
method which is able to minimize the violations
from due times and keeps costs at a desirable
level [Castillo-Salazar, Landa-Silva and Qu,
2014, Holte and Mannino, 2013]. Table 1 shows
the brief summary of HHC logistics articles
introduced in this section. Literature gap is more
apparent in this table.
In this investigation a special mathematical
model called robust vehicle routing problem with
simultaneous delivery, pickup and time windows
(RVRPSDPTW) is proposed in order to plan and
optimize giving home care service to PD patients.
The developed model would be appropriate for
any home care company which serves PD patients
and wishes to optimize its activities and minimize
routing costs as well as any tardiness in service
giving. The basis of this model is elicited from
Liu et al. [Liu et al., 2013] who have designed an
HHC model for routing health commodities.
However, in this paper we have considered the
routing of both health commodities and staff.
Additionally, we have added some realistic
features to our model such as the uncertainty in
the travel time of the vehicle and applied a hard
worst case robust model to face this uncertainty.
To the best of our knowledge, none of the
researches in the field of HHC has applied such a
robust model.
The contribution of this paper is threefold: (1) in
the proposed model soft time windows (SFW) is
taken into account, which is more realistic by
allowing violation from time windows bounds
and controlling this violation with penalties in
objective
function
[Zare-Reisabadi
and
Mirmohammadi, 2015]. Also the limit on each
tour time length as a constraint in the model is
considered since home care companies have
limited work shifts in reality; (2) in this study the
uncertainty in the travel time of vehicles which is
a realistic assumption and is critical to be
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considered and handled in providing healthcare
services was perceived. Uncertainty is handled
with a hard worst case (HWC) robust method
with no constraint violation which would be the

best model for health service; (3) the model is
designed and moderated with respect to the
special needs of PD patients.

Table 1. Literature review summary

Considering
Uncertainty

Paper

Year

No.

Routing

application
staffs

commodities

both

yes

no

1

Done et al. [21]

2008

*

*

-

2

Kergosien et al. [24]

2009

*

*

-

3

Cappanera and
Scutella [25]

2013

*

*

-

4

Ramus et al. [19]

2014

*

*

-

5

Begur et al. [28]

1997

*

*

-

6

Cheng and Rich [26]

1998

*

*

-

7

Bertels and Fahle [3]

2006

*

*

-

8

Trautsamwieser et al.
[27]

2011

*

*

natural
disaster

9

Nickel et al. [29]

2012

*

*

-

10

Yalçındag et al. [20]

2014

*

*

-

11

Triki et al. [33]

2014

*

*

-

12

Braekers et al. [30]

2016

*

*

-

13

Liu et al. [4]

2013

*

*

-

14

Liu et al. [32]

2014

*

*

-

15

Kergosien et al. [31]

2014

*

*

-
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2. Methods
With respect to the advantages of PD compared
to center-based HD, a RVRPSDPTW model is
presented to serve special needs of PD patients.
Applying this model, HHC companies can serve
PD patients with the lowest costs. In this model
two types of facilities called dialysis center (DC)
and laboratory (Lab) are considered to provide
special service for PD patients. Patients can ask
for four types of demands:
1.
Requesting medicines and PD packs
from HHC company drug store or depot (patients
belong to 𝐷1 set).
2.
Asking for physicians, nurses and APD
machine technicians (𝐷2 set)
3.
Requesting gathering unused or close-tocorruption medicines and damaged devices and
taking them to company depot (𝑃1 set).
4.
Asking for gathering biological samples
like blood and urine samples and taking them to
Lab (𝑃2 set).
Type 1 deliveries are picked from company depot
at the start of each route and type 1 pickups are
also carried to the depot at the end of the route.
Type 2 deliveries and also physicians and nurses
must be picked up from DC and type 2 pickups
must be taken to Lab. As a result, routes have to
be constructed with respect to the types of
deliveries and pickups. For example if a patient
has type 2 deliveries, it should be visited after the
DC in the route and if it has type 2 pickups, it
must be seen before Lab.
Nodes 0 and 𝑛 + 1 also represent the initial and
final depots respectively. Each route stars from
depot 0 and finally ends at depot 𝑛 + 1. Middle
nodes include patients’ homes, DC and Lab. Each
patient is served by just one vehicle and each
vehicle visits each node only once per tour.
Delivering commodities, physicians, nurses and
technicians are done simultaneously. It is
assumed that all 𝑘 vehicles are homogeneous and
have same capacities equal to 𝑄 and all
commodities and personnel can be transferred by
the same type of vehicle. For instance the tour of
a given vehicle can be like what is shown in
Figure 1. The vehicle leaves the depot 0 with 𝐷1
International Journal of Transportation Engineering, 216
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commodities and after (or before) serving 𝐷1
patients, goes to DC to load 𝐷2 demands. After
visiting 𝐷2 patients and gathering 𝑃2 patient’s
returning items, it heads toward Lab. Finally after
serving 𝑃2 patients it returns to depot 𝑛 + 1.
It should be mentioned that each patient can have
all four types of demands. The basic assumptions
are as follows:
1.
Each tour starts from depot 0 and ends at
depot 𝑛 + 1 and each node is visited only once.
2.
All the demands of each patient are
served by a single vehicle.
3.
𝐷2 demands are not counted in
calculating the capacity of vehicle.
4.
If there is at least one 𝐷2 demand in a
tour, a physician / technician accompanies the
driver of the vehicle during the tour.
5.
Before serving 𝐷2 patients each vehicle
goes to DC.
6.
Each vehicle goes to Lab after visiting 𝑃2
patients.
7.
The service time of the picking up and
delivering commodities are equal to zero and is
just considered in delivering 𝐷2 demands.

Figure 1. A potential route of a given vehicle

The following notations are used to model the
aforementioned problem.

2.1 Sets and Indices
V: The set of all nodes 𝑉 = {0,1, … , 𝑛, 𝑛 + 1} ∪
{𝐷𝐶, 𝐿} (Nodes 0, 𝑛 + 1, 𝐷𝐶 and 𝐿 represent the
initial and final depots, Dialysis Center and
Laboratory respectively.)
N: Set of patients’ homes
𝑁 = {1, … , 𝑛}
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𝑖, 𝑗: Indices of patients 𝑖, 𝑗 𝑁
𝐷1 : The set of 𝐷1 patients.
𝐷2 : The set of 𝐷2 patients.
𝑃1 : The set of 𝑃1 patients.
𝑃2 : The set of 𝑃2 patients.
𝐾: The set of vehicles.

𝑇: The maximum time length of each tour.
𝑀: A big number.
∆: The penalty of constraint violation in
realization models.
𝛹: The level of uncertainty

2.3 Decision Variables
2.2 Parameters
𝑄: The capacity of vehicle.
𝐶𝑖𝑗 : The cost of traveling from node 𝑖 to node 𝑗.
t 𝑖𝑗 : The travel time from node 𝑖 to node 𝑗.
𝑎𝑎𝑖 : The earliest allowed service time at node 𝑖.
𝑏𝑏𝑖 : The latest allowed service time at node 𝑖.
𝑠𝑡𝑖 : The service time at node 𝑖.
𝑑1𝑖 : The amount of 𝐷1 demand of 𝑖 𝑡ℎ patient.
𝑑2𝑖 : The amount of 𝐷2 demand of 𝑖 𝑡ℎ patient.
𝑝1𝑖 : The amount of 𝑃1 demand of 𝑖 𝑡ℎ patient.
𝑝2𝑖 : The amount of 𝑃2 demand of 𝑖 𝑡ℎ patient.

𝑥𝑖𝑗𝑘 : A binary variable that if vehicle 𝑘 goes
directly from node 𝑖 to node 𝑗 will be equal to one;
otherwise equal to zero.
𝐵𝑖𝑘 : The time of beginning service at node 𝑖 by
vehicle 𝑘.
𝑦𝑖𝑗𝑘 : The amount of 𝑃1 and 𝑃2 pickups in (𝑖, 𝑗)
arc carried by vehicle 𝑘.
𝑤𝑖𝑗𝑘 : The amount of 𝐷1 and 𝐷2 pickups in (𝑖, 𝑗)
arc carried by vehicle 𝑘.
𝐸𝑖𝑘 : The variable of earliness of vehicle in STW.
𝐿𝑖𝑘 : The variable of lateness of vehicle in STW.

2.4 Deterministic Mathematical Model
𝑴𝑖𝑛 ∑ ∑ ∑ 𝑐𝑖𝑗 𝑥𝑖𝑗𝑘 + ∑ ∑( 𝐸𝑖𝑘 + 𝐿𝑖𝑘 )
𝑖𝜖𝑉 𝑗𝜖𝑉 𝑘𝜖𝐾

∑ ∑ 𝑥𝑗𝑖𝑘 = 1
𝑠. 𝑡.

(1)

𝑖𝜖𝑉 𝑘𝜖𝐾

∀𝑖𝜖𝑁

(2)

∀𝑖𝜖P2 , 𝑘𝜖𝐾

(3)

∀𝑖𝜖𝐷2 , 𝑘𝜖𝐾

(4)

∀𝑘𝜖𝐾

(5)

∀𝑘𝜖𝐾,

(6)

∀𝑖𝜖𝑁 ∪ {𝑙, 𝑑𝑐}, 𝑘𝜖𝐾

(7)

∀𝑖𝜖{𝑙, 𝑑𝑐}, 𝑘𝜖𝐾

(8)

𝐵𝑗𝑘 ≥ 𝐵𝑖𝑘 + 𝑡𝑖𝑗 + 𝑠𝑡𝑖 − 𝑀(1 − 𝑥𝑖𝑗𝑘 )

∀𝑖𝜖𝑉, 𝑗𝜖𝑉 ∖ 0, 𝑘𝜖𝐾

(9)

∑ ∑ 𝑦𝑗𝑖𝑘 − ∑ ∑ 𝑦𝑖𝑗𝑘 = 𝑝1𝑗 + 𝑝2𝑗

∀𝑗𝜖𝑁 ∪ {𝑑𝑐}

(10)

∀𝑗𝜖𝑁 ∪ {𝑑𝑐, 𝑙}

(11)

∀𝑘𝜖𝐾

(12)

𝑗𝜖𝑉 𝑘𝜖𝐾

∑ 𝑥𝑖𝑗𝑘 ≤ ∑ 𝑥𝑗𝑙𝑘
𝑗𝜖𝑉

𝑗𝜖𝑉

∑ 𝑥𝑗𝑖𝑘 ≤ ∑ 𝑥𝑑𝑐𝑗𝑘
𝑗𝜖𝑉

𝑗𝜖𝑉

∑ 𝑥0,𝑖𝑘 ≤ 1
𝑖𝜖𝑉

∑ 𝑥𝑖,𝑛+1,𝑘 ≤ 1
𝑖𝜖𝑉

∑ 𝑥𝑗𝑖𝑘 = ∑ 𝑥𝑖𝑗𝑘
𝑗𝜖𝑉

𝑗𝜖𝑉

∑ 𝑥𝑗𝑖𝑘 ≤ 1
𝑗𝜖𝑉

𝑖𝜖𝑉 𝑘𝜖𝐾

𝑖𝜖𝑉 𝑘𝜖𝐾

∑ ∑ 𝑤𝑖𝑗𝑘 − ∑ ∑ 𝑤𝑗𝑖𝑘 = 𝑑1𝑗
𝑖𝜖𝑉 𝑘𝜖𝐾

𝑖𝜖𝑉 𝑘𝜖𝐾

∑ 𝑤0𝑖𝑘 = ∑ ∑ 𝑥𝑖𝑗𝑘 𝑑1𝑖
𝑖𝜖𝑉

𝑖𝜖𝑉 𝑗𝜖𝐷1
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∑ 𝑦𝑖𝑙𝑘− ∑ 𝑦𝑙𝑖𝑘 = ∑ ∑ 𝑥𝑖𝑗𝑘 𝑝2𝑖

∀𝑘𝜖𝐾

(13)

∀𝑖𝜖𝑃2 , 𝑘𝜖𝐾

(14)

∀𝑖𝜖𝐷2 , 𝑘𝜖𝐾

(15)

∀𝑖𝜖𝑁, 𝑘𝜖𝐾,

(16)

𝐿𝑖𝑘 ≥ 𝐵𝑖𝑘 − 𝑏𝑏𝑖
𝑦𝑖𝑗𝑘 + 𝑤𝑖𝑗𝑘 ≤ 𝑄𝑥𝑖𝑗𝑘

∀𝑖𝜖𝑁, 𝑘𝜖𝐾
∀𝑖, 𝑗𝜖𝑉, 𝑘𝜖𝐾

(17)
(18)

∑ ∑ 𝑥𝑖𝑗𝑘 (𝑡𝑖𝑗 + 𝑠𝑡𝑖 ) ≤ 𝑇

∀𝑘𝜖𝐾

(19)

∀𝑖, 𝑗𝜖𝑉, 𝑘𝜖𝐾
∀𝑖, 𝑗𝜖𝑉, 𝑘𝜖𝐾
∀𝑖𝜖𝑉, 𝑘𝜖𝐾
∀𝑖, 𝑗𝜖𝑉, 𝑘𝜖𝐾
∀𝑖𝜖𝑁, 𝑘 ∈ 𝐾
∀𝑖𝜖𝑁, 𝑘 ∈ 𝐾

(20)
(21)
(22)
(23)
(24)
(25)

𝑖𝜖𝑉

𝑖𝜖𝑉

𝑖𝜖𝑉 𝑗𝜖𝐷2

𝐵𝑙𝑘 ≥ 𝐵𝑖𝑘 + 𝑡𝑖𝑙 + 𝑠𝑡𝑖 − 𝑀(1 − ∑ 𝑥𝑖𝑗𝑘 )
𝑗𝜖𝑉

𝐵𝑖𝑘 ≥ 𝐵𝑑𝑐𝑘 + 𝑡𝑑𝑐𝑖 − 𝑀(1 − ∑ 𝑥𝑖𝑗𝑘 )
𝑗𝜖𝑉

𝐸𝑖𝑘 ≥ 𝑎𝑎𝑖 ∑ (𝑥𝑖𝑗𝑘 − 𝐵𝑖𝑘 )
𝑗𝜖𝑉∖{0}

𝑖𝜖𝑉 𝑗𝜖𝑉

𝑥𝑖𝑗𝑘 ∈ {0,1}
𝑦𝑖𝑗𝑘 ≥ 0
𝐵𝑖𝑘 ≥ 0
𝑤𝑖𝑗𝑘 ≥ 0
𝐸𝑖𝑘 ≥ 0
𝐿𝑖𝑘 ≥ 0

The first part of Equation (1) concerns with
minimizing the sum of travel costs of vehicles
while the second part minimizes deviations from
the time windows bounds. Equation (2)
guarantees the visit of each patient in each tour
only once. According to Equations (3) and (4)
vehicle visiting 𝐷2 and 𝑃2 patients should also
visit DC and the Lab respectively. Constraints (5)
and (6), state that each vehicle must start its tour
from the depot and at last return to it. Equation
(7) guarantees the equality of in-put and out-put
flow in each node. According to Constraint (8)
each vehicle in each tour can visit the Lab and DC
at most once. Equation (9) is time continuity
constraint of nodes; Equations (10) and (11) are
pickup and delivery demands flow equations.
Constraints (12) and (13) make sure that delivery
demands of 𝐷1 patients is gathered from the depot
and 𝑃2 pickup demands are delivered to the Lab
respectively. Equations (14) and (15) ensure
visiting DC before serving 𝐷2 patients and giving
service to 𝑃2 patients before going to the Lab.
Equations (16) and (17) are STW constraint.
Equations (18) and (19) are capacity and tour
time bound constraints respectively. At last,
Constraints (20) to (25) concern with variable
definition.
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2.5 Robust Mathematical Model
Uncertainty can be defined as a situation in which
available data and information is incomplete.
Different procedures are introduced to cope with
such situations among which robust is a riskaverse approach that is developed to be used in
optimization models. Soyster [Soyster, 1973]
introduced the first robust approach which was a
HWC model with the highest conservativeness.
In 1995, Mulvey et al. introduced a more flexible
robust procedure for scenario-based optimization
problems. Years later, Ben-Tal and Nemorovski
[Ben-Tal and Nemirovski, 1998] and El Ghaoui,
Oustry and Lebret [El Ghaoui, Oustry and Lebret,
1998] extended Soyster’s [Soyster, 1973]
procedure and developed new robust models
based on convex programming. This was a
significant step toward robust theory. Findings of
this research later were gathered in Ben-Tal,El
Ghaoui and Nemirovski [Ben-Tal,El Ghaoui and
Nemirovski, 2009] book which now is known as
one of the best resources of robust theory. Along
the same research line, later Bertsimas and Sim
[Bertsimas and Sim, 2004] and Fischetti and
Monaci [Fischetti and Monaci, 2009] developed
a worst case model with less conservativeness
built on the basis of Soyster’s [Soyster, 1973]
work.
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In general a robust decision is one that withstands
the environmental uncertainty with minimum
fluctuations. In optimization a robust solution
must have feasibility robustness and optimality
robustness simultaneously; the former has the
meaning that it should be almost always feasible
and the latter means it must have minimum
difference from the optimal solution for all
possible values of uncertain parameters. The
higher the level of uncertainty in a model is, the
more the conservativeness of the model and the
higher the costs of the problem will be. Therefore,
based on cost considerations and the
sensitiveness of the application, different models
should be applied [Pishvaee, Razmi and Torabi,
2012, Ghatreh Samani and Hosseini-Motlagh,
2017].
As it was mentioned in the previous parts,
timeliness is a crucial issue in healthcare. Being
late in giving healthcare service can be equal to
serious damage to one’s health or even death. The
cost of delay in healthcare is substantial, therefore
to address uncertainty in such situations, worst
happenings or “worst case” must be considered.
Thus, an appropriate method which handles the
uncertainty with minimum or even no violations
from constraints should be considered in health
scope. Based on these considerations, a HWC

convex model is used here to handle uncertainty
in vehicle travel time.
Suppose 𝜉𝑗 is a variable which constructs the
uncertain part of each parameter by varying
between −𝛹 and 𝛹. 𝛹 shows the level of
uncertainty.
−𝛹 ≤ 𝜉 ≤ 𝛹

(26)

By considering 𝑈 uncertainty set for uncertain
parameters in a closed convex set, the aim is to
find a set of solutions which remains feasible for
any 𝜉. According to equation (27) in box
uncertainty set, uncertain parameters are modeled
based on infinity norm (U∞ ) 𝐽𝑖 shows the set of
uncertain parameters.
U∞ = {𝜉|‖𝜉‖ ≤ Ψ}
= {𝜉𝑗 ||𝜉𝑗 | ≤ Ψ ∀jϵ𝐽𝑖 }

(27)

Figure 2 demonstrates the geometric justification
of box uncertainty set in two dimensions or in
other words with two uncertain parameters in a
given constraints. It can be seen that the
uncertainty space between the two uncertain
parameters in the left side of the Figure 1 is
pictured to a square shown on the right side of the
Figure 1.

Figure 2. Geometric justification of box uncertainty set.
𝑡̃𝑖𝑗𝑑 = 𝑡𝑖𝑗𝑑 + 𝑡̂𝑖𝑗𝑑 𝜉𝑗
𝐵𝑗𝑘 ≥ 𝐵𝑖𝑘 + 𝑡𝑖𝑗 − 𝑀(1 − 𝑥𝑖𝑗𝑘 ) + Ψ𝑡̂𝑖𝑗
𝐵𝑙𝑘 ≥ 𝐵𝑖𝑘 + 𝑡𝑖𝑙 − 𝑀(1 − ∑ 𝑥𝑖𝑗𝑘 ) + Ψ𝑡̂𝑖𝑙

∀𝑖𝜖𝑉, 𝑗𝜖𝑉 ∖ 0, 𝑘𝜖𝐾
∀𝑖𝜖𝑃2 , 𝑘𝜖𝐾

(28)
(29)
(30)

∀𝑖𝜖𝐷2 , 𝑘𝜖𝐾

(31)

∀𝑘𝜖𝐾

(32)

𝑗𝜖𝑉(𝑆)

𝐵𝑖𝑘 ≥ 𝐵ℎ𝑘 + 𝑡ℎ𝑖 − 𝑀(1 − ∑ 𝑥𝑖𝑗𝑘 ) + Ψ𝑡̂ℎ𝑖
𝑗𝜖𝑉

∑ ∑ 𝑥𝑖𝑗𝑘 𝑡𝑖𝑗 + 𝛹(∑ ∑ 𝑥𝑖𝑗𝑘 𝑡̂𝑖𝑗 ) ≤ 𝑇
𝑖𝜖𝑉 𝑗𝜖𝑉

𝑖𝜖𝑉 𝑗𝜖𝑉
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The uncertain parameter (time of vehicles) can be
separated into two parts of deterministic and
uncertain constraint (28).
Constrains (9), (14), (15) and (19) are uncertain.
According to Li, Ding and Floudas [Li, Ding and
Floudas, 2011] and based on box uncertainty set,
the robust counterpart of these constraints can be
written as constraint (29)-(32).
Actually in box uncertainty set, 𝛹 percent of the
uncertain part of the parameter is added to each
uncertain constraint. This way, all the supplies
won’t be used in the process of solving the
problem and a portion will be saved for potential
fluctuations in uncertain parameters. For
instance, a given HHC company must plan to
serve its customers without any delay, despite the
uncertainties in vehicles’ travel time. To schedule
such services and avoid lateness, some extra time
must be considered.

3. Results
Next step is to solve the proposed model on a
random instance to verify its functionality in real
world for PD patients. Therefore the proposed
model is encoded in the General Algebraic
Modeling System (GAMS) software and solved
on a 2-GHz dual core computer with 4-GB
memory, based on Table 2 parameters.
The robust counterpart of the mentioned problem
is solved considering uncertainty in travel time.
The first phase in verifying a robust model is to
set 𝛹 = 0. This way, the deterministic and robust
models will be equivalent and are supposed to
provide exactly the same answers. Besides,
enhancing 𝛹, the level of uncertainty in model
increases and the objective function gets worse.
Table 3 and Figure 3 show the details of this
analysis.

Table 2. Parameters
Parameters

Quantity

𝑐

Random coordinates- Euclidean distance

𝑡

Likewise 𝑐

𝑑1 , 𝑑2 , 𝑝1 , 𝑝2

~𝑈𝑛𝑖𝑓𝑜𝑟𝑚{0, … ,40}

𝑠𝑡

20 minutes

𝑇

180

𝑘
𝑄

2
100

Table 3. The comparison between the objective function of deterministic (D) and robust (R) models
Uncertainty
Objective
Level
Model type
Function
(𝛹)
value
D
293.4
0
293.4
293.4
0.2
0.4
293.8
R
0.6
294.9
0.8
296
0.9
297.1
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severe damage to one’s health and is not allowed.
The higher the uncertainty level goes, the more
conservative the model gets and consequently the
lower constraint violations will be. Realization
models are used to validate the proposed robust
procedure. A realization model is a model
likewise the deterministic model in which a
penalty variable is considered for each constraint
that in case of constraint violation adds some
extra cost to the objective function [Pishvaee,
Rabbani and Torabi, 2011, Pishvaee, Razmi and
Torabi, 2012].

Comparing the
objective
function
of
deterministic model and the worst case robust
model with Ψ = 0.9, we can see that the cost
increases only by 1.2%. This increase of cost is
relatively small in comparison to the
conservativeness that the robust model provides
against constraint violations. It becomes even
more negligible in health scope where nothing is
more important than serving patients without any
delay.

objective function of robust
model

First, five nominal models are constructed
according to parameters shown in Table 2; these
models are run for seven uncertainty levels (Ψ =
0.3, 0.4 , 0.5, 0.6, 0.7, 0.8, 0.85).
Then,
the
solution of each model is put in a realization
model as parameters and 35 realization models
are run as it has been illustrated in and Table 4.
The results show that as the uncertainty level
enhances, the robust model gets more
conservative and will have lower constraint
violations. It can be seen from Figure 4 that the
results of realizations for the maximum
uncertainty level (Ψ = 0.85) have really low
variations (77% less variations than Ψ = 0.3). It
means this model is completely capable of
handling any fluctuations in travel time; in other
words it is quite reliable which counts a critical
factor in healthcare services.

298
297
296

296

295

297.1

293.8

294

294.9

293
0

293.4

0.5

1

Figure 3. The objective function of R models with
different uncertainty levels

4. Discussion
According to the robust logic, it is expected that
the robust model results in lower constraint
violations compared to deterministic model. Here
in a health care case, constraint violation means
tardiness in serving patients which could cause

variaton in results
690
590
490
390
290
0.3

0.4

0.5

0.6

0.7

0.8

0.85

uncertainty level

Figure 4. Variation in robust realization models with different uncertainty level
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Table 4. Comparing R realization models with different uncertainty levels
Model
parameters
Q

T

N

Level of
uncertainty
(𝛹)

Constraint
violation
penalty
(∆)

Objective function of
robust realization
model

Mean of Objective
function of robust
realization models

Standard deviation (SD) of
Objective function of robust
realization models

328.8
594.82
80

180

7

0.3

15

492

501.802

151.5054

703.39
390
323
550.54
80

180

7

0.4

15

463.6

470.872

129.0905

439.716

106.5349

409.448

84.61852

379.874

63.55883

350.512

43.28589

336.96

35.0822

641.92
375.3
317.17
505.46
80

180

7

0.5

15

434.7
580.45
360.8
311.36
463.1

80

180

7

0.6

15

406.36
519.82
346.6
305.54
420.54

80

180

7

0.7

15

378.9
461.92
332.47
300
378

80

180

7

0.8

15

349.63
406.63
318.3
296.82
356.7

80

180

7

0.85

15

335.45
384.52
311.31

Table 5. Constraint violations of R realization models with different uncertainty levels
Model parameters
Q
T
N
Constraint violation
Level of uncertainty (𝛹)
∆
0.1
741.78
0.2
708.3
0.3
703.4
0.4
641.92
0.5
580.45
80
200
7
15
0.6
519.82
0.7
463.4
0.8
407.83
0.9
352.24
1
297.42
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To find the best level of uncertainty or the level
in which constraint violations is decreases
significantly, a realization model is run for
different uncertainty levels as shown in Table 5.

constraint violations vs.
uncertainty level
730
620
510

Figure 6. Comparing mean and SD of D and R
realization models with 7 costumers

400
290
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

Figure 5. Constraint violation vs. uncertainty level

It can be seen from Figure 5 that by increasing the
level of uncertainty, constraint violations
decrease significantly and just between 𝛹 = 0.2
and 𝛹 = 0.3 it remains almost the same. It means
to avoid constraint violations the level of
uncertainty should be enhanced as much as
possible. In the next step, for four problem sizes
(7 to 10 patients) 20 realization models- each
problem size five realizations- are made. The
purpose of constructing these realization models
is to compare constraint violations in
deterministic models with their robust
counterparts. The relative parameters of
realization models and details of this analysis can
be seen in Table 6.
Figure 6 to 9 show that robust realization models
have both less deviations and variations
compared with deterministic ones in terms of
constraint violations. Again this analysis
demonstrates the reliability of the proposed
robust model to handle travel time fluctuations in
comparison with deterministic models in
different problem settings. In the first group of
iterations the constraint violations of robust
model is 14% less than the deterministic model in
average, it means 14% less tardiness in serving
patients which is considerable.

Figure 7. Comparing mean and SD of D and R
realization models with 8 costumers

Figure 8. Comparing mean and SD of D and R
realization models with 9 costumers
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Table 6. Comparing R and D realization

%
deviation
from the
nominal
part

Model
parameters

Level
of
uncer
tainty
(Ψ)

Constraint
violation
penalty
(∆)

Q

T

N

80

180

7

20%

0.4

15

100

200

8

10%

0.25

15

100

200

9

10%

0.25

15

100

220

10

10%

0.25

15

Objective function of
realization model

D
528
498
513
518.9
484.4
643.41
628.71
628.71
571.07
571.463
651.7
693.35
622.8
581.85
585.9
672.92
645.32
681.32
702.3
702.3

R
320.66
317.665
317.447
317.447
318.347
568.855
569.178
597.94
530.46
530.46
600.75
591.81
591.81
544.61
544.86
626.31
626.58
665.8
678.66
657.24

Standard
deviation
(SD) of
Objective
function of
realization
models
D
R

Mean of Objective
function of
realization models

D

R

508.46

444

17.3

15.3

608.673

546.78

34.7

33.4

627.12

574.77

45.8

27.7

680.832

650.92

23.7

23.6

Figure 9. Comparing mean and SD of D and R realization models with 10 costumers
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7. References

5. Conclusions
In this study a special RVRPSDPTW model
proper to serve PD patients’ needs is proposed. In
this VRP model two places other than depots and
patients’ homes are also considered in vehicles’
routes to satisfy special delivery and pickup
demands of PD patients. This model is designed
according to special needs of PD patients.
However, it contains many realistic assumptions
that makes it usable for different kinds of HHC
services with slight modifications. It is suitable to
provide patients at home with different health
services. Therefore, HHC managers can apply it
to plan for serving their customers. The model is
built based on realistic assumptions such as STW
for arrival time, limited tour time and travel time
uncertainty of vehicles. Due to the importance of
timeliness in health care, a conservative model is
applied to handle uncertainty. The results of
different analyses in numerical examples show
that robust model has less constraint violations
and therefore is more reliable; however its costs
is more than the deterministic one. The cost
increase of robust model is not considerable; for
instance in a model with 7 patients the cost of the
robust model with maximum uncertainty level is
just 1.2% more than the deterministic model. This
robust model has 14% less constraint violations
compared with the deterministic one.
This study can be extended in many ways. First,
the desirability of patients as “waiting time” can
be considered as a second objective function of
this problem and the model can be solved via a
bi-objective procedure. Second, the periodic
service giving to patients can be studied which is
more realistic, for example weekly planning of
serving PD patients. At last by moderating the
assumption of this model it can be used for other
HHC services like taking care of elderlies at
home.
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