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Abstract

In present study, a mathematical model of the vehicle—floating slab track (FST) interaction is established to investigate
the coupled behaviour of vehicle—track system. The FST is modelled as the double Euler -Bernoulli beam including
the rail and slab. The railway vehicle is simplified as a multi-rigid-body model. The wheel-rail interface is treated
using a nonlinear Hertzian contact model, coupling the mathematical equations of the vehicle—FST systems. The
dynamic interaction of the entire system is numerically studied in time domain, employing Newmark’s integration
method. The numerical model of the present research is validated using benchmark model reported in the literature.
Finally using the developed numerical tool many sensitivity analyses were performed on various important param-
eters affecting on dynamic behaviour of slab track, such as slab thickness, axle load and the track bed stiffness and
consequently the deflection and bending moment of rail and slab were assessed. Slab thickness has more effect on slab
than rail dynamic behaviour.
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1. Introduction

In the recent decades, slab track system comparing to
those of traditional ballasted track, due to the superi-
or structural capacity, low life cycle costs (LLC) and
low volume of track maintenance activities has gained
more attraction by railway track designers and railway
owners as well. Referring to available literature it can
be understood that the most accurate analytical models
deal with evaluation of dynamic response of the men-
tioned system as infinite double beams or infinite beam
rested on infinite slab under moving loads or moving
masses. In this regard and as a practical case [Ding et
al. 2011] carried out a laboratory test in order to ob-
tain the characteristics of low frequency vibrations and
performance of a FST. [Hussein and Hunt, 2006] and
[Hussein and Hunt, 2009] studied the response of FST
including continuous and discontinuous slabs to an os-
cillating moving load. In another study, [Gupta and De-
grande, 2009] investigated the periodicity of the track
and the tunnel-soil system using the Floquet transform
to formulate the problem in the frequency— wavenum-
ber domain. A coupled periodic finite element—bound-
ary element method was used to model the tunnel—-soil
system, while a periodic finite element model (FEM)
or an analytical approach was used to model the track.
[Jun, Dan and Qing, 2009] studied the spatial vibration
equation of the high-speed train and slab track system
on the basis of the principle of total potential energy
with stationary value in elastic system dynamics. [ Yen
and Lee, 2007] investigated the parameter identifica-
tion of slab track using 3D FEM. Their aim was to
idealize theoretical solutions for a continuously and
elastically supported beam and two continuous beams
on elastic foundations subjected to a concentrated load.
[Li and Wu, 2007] looked into the vibration isolation
performance of different lengths FST under a harmon-
ic moving load. [Steenbergen, Metrikine and Esveld,
2007] employed a classical model of a beam on elas-
tic half-space subjected to a moving load in order to
provide the required stiffness of slab track system. In
another study, [Lombaert et al, 2006] studied the ef-
fectiveness of the FST using a track-soil coupled model
for controlling of the ground-borne vibration generated
by railway traffic. In addition to the theoretical stud-
ies, experimental investigations on the FST systems
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have been accomplished by using test rig [Cox et al.
2006] or in situ [Saurenmann and Phillips, 2006]. [Mo-
hammadzadeh, Esmacili and Mehrali, 2013] assessed
the response of a double beam as a slab track system
considering random stiffness for foundation of track.
In continue, [Mehrali et al. 2014] simulated a coupled
vehicle - slab track by FEM in the case of random stiff-
ness of the rail foundation.

An extensive literature cab found regarding to simula-
tion of finite double beams with in between resilient
layer. [Abu-Hilal, 2006] investigated the dynamic re-
sponse of a double-beam system traversed by a con-
stant moving load. In their work two parallel simply
supported prismatic beams were considered which
they were continuously connected by a viscoelastic
layer. [Xiaobin et al. 2014] presented an exact stiffness
method to determine the natural frequencies and mode
shapes of the axially loaded double-beam systems.
[Kuo et al. 2008] developed an analytical model to in-
vestigate the vibration behaviour of slab track under
loading of a simple 1/8 car model. [ Yuan, Zhu and Wu,
2009] employed an analytical dynamic model to assess
vibration characteristics and effectiveness of FST. All
above mentioned researches have studied the behav-
iour of slab track using analytical methods ignoring the
vehicle - slab interaction effect.

In the current study, coupled vehicle- double beam
dynamic interaction is investigated by using FEM
to represents the dynamic response of FST system
in practice. In the developed model, the track super-
structure including the rails and FST are considered as
two parallel Euler—Bernoulli beams. The upper beam
accounts for the rail and the lower one accounts for
the concrete slab. Both beams are connected together
via a series of springs and dashpots to represent the
stiffness and damping of rail pads. On the other hand,
the lower beam (slab) is rested on a visco-elastic bear-
ing layer by means of a series of parallel springs and
dashpots. The vehicle is a whole rolling stock with two
layers of spring and damping system in which vertical
and rolling motion for vehicle and bogie are involved.
Coupling the vehicle system and railway track is re-
alized through interaction forces between the wheels
and the rail by using nonlinear Hertz contact theory. In
continue, utilizing the developed numerical tool many
sensitivity analyses are carried out on the parameters



Morteza Esmaeili , Saeed Mohammadzadeh, Mohammad Mehrali

which remarkably influence on the slab track dy-
namic response such as slab thickness, slab bearing
stiffness and axle load. Consequently the rail and slab
deflection and bending moment are achieved.

2. FEM Model Configuration

To study the coupled integration of the train—track
system, various mathematical models were estab-
lished. In the present work, the dynamic model of ve-
hicle and track is extended. The general configuration
of developed FE coupled model including FST and
vehicle is described and in the next section the solu-
tion procedure of the assembled systems of governing
equations is explained.

2.1 FST Subsystem

The components of the FST system as doubled beam,
including the rail and slab is shown in Figure 1. As
illustrated, a series of two node beam elements with
two degree of freedom in each node, one sets for ver-
tical deflection and another assigned to the rotation
are adopted for both rail and slab.

Rail pads are represented by a layer of springs with
stiffness k, and a viscous damping factor ¢, which
connect the rail to slab. Moreover, slab bearing is rep-
resented by a layer of springs with stiffness k, and a
viscous damping factor c,. The equation of motion for
the slab track is:

[MRail 0 {un} + [CRail 0 {’:‘rt}
0 MSlab ust 0 CSlab ust (1)
KRaL’l 0 urt} _
+ [ 0 KSlab ] {ust - {F}t

In which index ‘t’ refers to the whole track assembly.
Where,, and are mass, damping and stiffness matrix-
es of the rail, respectively, , and are corresponding to
acceleration, velocity and displacement vectors of the
rail. , and are mass, damping and stiffness matrixes
of slab,, and are the acceleration, velocity and dis-
placement vectors of the slab, respectively. denotes
the external load vector of the vehicle model.
Coupling of matrices for the track elements is per-
formed by manipulating the interconnecting matrices,
based on their common DOFs. In the present study a
50 meter long track is simulated and each element’
length is considered to be 0.5 meter.
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a. Vehicle Subsystem

The vehicle system consist of vehicle body mass and its
moment of inertia, the two bogie masses and their mo-
ments of inertia, and mass/inertia of four wheel-sets.
Each bogie frame is connected to wheel-sets through
the primary suspension springs/dashpots (Kp/Cp) and
to the car-body through the secondary suspension (K ./
C,). The car body and two bogies each undergo vertical
displacement and pitch rotation, but only vertical dis-
placement is considered in the four wheel-sets. Thus,
the vehicle is modelled as 10 degrees of freedom multi
body system. The equation motion of vehicle are listed
in Appendix.

The equation of motion for whole vehicle model is as
follows:

[M, U, () +[C, U, 1) +[K, U, 1) =F, )

where , and are the mass, damping and stiffness ma-
trices and , , and are the acceleration, velocity and
displacement vectors of the vehicle model, respective-
ly. These matrices are symmetric and obtained by as-
sembling the corresponding matrix of all components
within the concerned DOFs.

b. Wheel-Rail Interface Model

Various models are available to define the contact in-
terface between the wheel and the rail. In addition to
the conventional Hertzian elastic contact theory, more
sophisticated models have developed in the literature,
including longitudinal creepage, frictional behaviour
and braking/traction forces, see for example [Kalker,
1991], [Zhao and Li, 2011], [Zhao, Li and Liu, 2012].

According to Egs (1)-(2), the equation of motion for
the coupled vehicle-slab track system can be written as

M, YU 3+IC, YU, }+[K, JU, }=F, (t) ®)
where , and are the mass, damping and stiffness matri-
ces of the coupled vehicle-FST system, respectively,
, and are the acceleration, velocity and displacement
vectors of the coupled vehicle-FST system, respective-
ly and is the external load vector which is determined
by the track irregularity.

Here, the vehicle and FST contact model is considered
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Figure 1. Model configuration of coupled vehicle - FST

to be non-linearized Hertzian wheel-rail model which
is expressed as

fw :CH[UW _Ur _Uirr]ll5
f\jv = KH[UW _Ur(Uj ’t)_Uirr(Uj]

KH =CH[Uw_ur_uirr] @
f UW>Ur+Uirr(U)

K, =0

i U,>U +U,_ ()
where refers to the irregularities of the rail surface.
In Eq. (3) the stiffness matrix is time - dependent and
is determined by the contact location between wheel

and rail. The stiffness matrix is updated in each time
step and the time variant term of the stiffness matrix
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is transferred into the right side of the Eq. (3) for con-
venient calculation of the system response [Zakeri and
Xia, 2008] , [Zhai et al. 2009].

The coupled vehicle-FST system is divided into two
time-invariant subsystems including the vehicle and
the FST.

The interaction between these subsystems is accom-
plished through the wheel-rail force. The responses of
the vehicle and FST can be obtained independently us-
ing step-by-step numerical integration.

The assembling of whole system matrixes considering
the vehicle and slab track components in matrix form
can be presented as equation (5).

In the following system matrixes, [C], [B], [W] are car
body, bogies and wheel-sets relevant matrixes, respec-
tively.

The interaction between car body, bogies and wheel-
sets are applied by [C/B], [B/W] and [W/R] matrixes.
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[ [C] [C/B] 0O 0 0

[C/B] [B] [B/W] 0 0
0 [B/W] W] [W/R] 0 ®)
0 0 [W/R] [R] [R/S]

0 0 0 [R/S] [S] |

[R] and [S] are the rail and slab matrixes and these
two elements are connected together via [R/S] matrix.
Moreover, the interaction between rail and vehicle is
established by [W/R] matrix.

3. Solution Method

In order to solve the final motion equation of the
system the numerical time-integration method of
Newmark-f [Ames, 1972] is employed. Using this nu-
merical technique, responses of the track and vehicle
elements are calculated in each time step as the vehicle
moves along the track. Based on Newmark’s method
knowing the system response in time t, its response
can be determined in time (t+dt) by:

((K]+a[M]+a,[CJU 0} =Fn +
+[M]@U, +aU, +a,u,)+
[Cl(aU, +au, +aU)).
Uiar=a,U, ~U)-au, -aU,
Uiad=a,U,-U)-aU, -aU,

(6)

The values of a, to a, can be calculated by the follow-
ing equations:

a=——, a ,
Yoadt?’ 7 adt
a, = L a, = L -1 (7)
Pooadt’ Tt 2
aSZE_l’ aezﬂ(g_z)
o 2 o

Where o and B are parameters of Newmark’s method.
Considering the 0=0.25 and f=0.5, the numerical sta-
bility of the solution is guaranteed [Mohammadzadeh,
Ahadi, Keshavarzian, 2014]. A numerical code is de-
veloped in MATLAB for solving the dynamic inter-
action of the vehicle—track system using Newmark-f3
method. The general procedure of the numerical simu-
lation in this study is presented in Figure2. Employing
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this numerical technique, the responses of the track and
vehicle components were calculated in each time-step
as the vehicle moves along the track. The motion of the
wheel-sets was coincided with the motion of the rails,
while the wheel-rail contact forces were considered in
the calculations.

The contact forces between wheel and rail elements
appeared in the numerical procedure while the wheels
running at rail beam joints. Applying this procedure,
the stiffness and damping matrices of the rail and wheel
elements were gradually updated by manipulating the
input matrices. The procedure of conducted numerical
simulation is presented in Fig 2.

4. Numerical Results and Discussion

In current section firstly the validity of the developed
model is investigated through comparison of the ob-
tained results of FE model with existing analytical
results. In continue some sensitivity analyses are pre-
formed to show some considerable aspects in dynamic
behaviour of slab track system.

4.1 Model Validation

The proposed model in current research is verified
trough a comparative evaluation with the presented ana-
lytical and experimental results of [Hussein and Hunt,
2006].

As a numerical example vertical deflection of current
model consist of infinite beam rested on a visco-elastic
foundation under moving load with various speeds is
compared with those have been obtained in the case of
passing a non-harmonic moving load along an infinite
beam with various speeds [Hussein and Hunt, 2006] for
verification and validation purposes. The amplitude of
the moving load is assumed to be unit (Figure 3).
Figure 4 gives the vertical rail displacement when the
unit load is running in various speed from 0 to 450 m/s
over the infinite double beam. Table 1 shows the per-
centage error of simulated model with the [Hussein and
Hunt, 2006] work. It is illustrated that the maximum
error is 7% in running velocity of 385 m/s. The above
mentioned speed is very high and no high speed train
reach to this right now. In the practical velocity range
(less than 150 m/s), there are good correlation between
the simulation model and the refereed paper.

International Journal of Transportation Engineering,
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<Start of simulation (t =O)>

'

Organizing mass, stiffness and damping matrices for all vehicle -

track components (matrices of individual components)

'

Assembling mass, stiffness and damping matrices for all
connected elements by superposition and condensation

'

Dynamic simulations starts,
Newmark’s numerical method

Determining the mass, stiffness and damping
matrices of the system based on latest time-step

—>  Determining train position

A 4

- Yes >
\ 4

Forming new mass, stiffness and damping
matrices and force vectors of the system
based on new wheel-rail forces

!

Incremental calculation of displacement,
velocity, acceleration and force responses
for nodes in each time-step

Loss of W/R
contact

No

L 4
| Calculating the W/R forces to update force vectors |

| Saving the results of displacement, velocity, acceleration in time t

e Yes@m

Figure 2. Flowchart of procedure of dynamic simulation of vehicle-FST
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Figure 4. Comparing the results of FEM model and analytical model

Table 1. Comparison of the results of current FEM model with analytical model of [Hussein and Hunt, 2006]

velocity(m/s) 0 50 100 150 | 200 [ 250 | 300 [ 350 | 385 [ 400 | 450

Rail displacement | Refereed | 00155 | 00152 | 0.01573 | 0.0161 | 0.0167 | 0.0176 | 0.0192 | 0.022 | 0.025 | 0.0196 | 0.0179
(mm/KN) Simulated [ 0.0155 | 0.015 | 0.0157 | 0.016 | 0.0164 | 0.0171 [ 0.0196 | 0.021 | 0.023 | 0.0195 | 0.0182
Difference (%) 0 013 | 02 0.69 1.8 3 23 6 7 o7 | 16

4.2 Sensitivi ty Analysis Results ence the obtained results. The FST parameters are listed

This part of study is allocated to showing some vari- in Table 1.

ous capabilities of the developed FE model in inves- In continue, many sensitivity analyses are performed to
tigating the dynamic behaviour of slab track system illustrate the effects of slab thickness, foundation stiff-
under the moving vehicle.In this regard the vehicle ness, and axle load on dynamic behaviour of FST. The re-
move starts at the left-hand end of a 50 m long FST sults will be presented in the form of rail and slab deflec-
with a speed of 80 km/h and the steady state response tions and bending moments as well. Table 2 shows the
of the coupled vehicle— FST system are obtained at parameters values which are used for sensitivity analyses
the middle of the slab track. The selected length for in current study.

analysis ensures that the end conditions do not influ- The thickness of slab affects directly on slab bending

15 International Journal of Transportation Engineering,
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stiffness. Figure 5 shows the deflection of the rail as
a function of slab thickness. As illustrated, by increas-
ing slab thickness, deflection of rail has negligible de-
creased.

Figure 6 shows the variation of rail deflection with
slab thickness, foundation stiffness and axle load.
Figure6.a shows that an increasing in the slab thick-

ness, from 0.2 to 0.3 meter (k, equal to 50 MPa), would
decrease of 0.36% in the rail deflection and an increas-
ing of slab thickness from 0.2 to 0.4 meter would de-
crease of 0.72 % in the rail deflection. This effect in
Fig5.b is equal to 0.38% and 0.76% and in Fig5.c is
equal to 0.31% and 0.62%, respectively.

Table 2. Parameter values used for FST

Item Notation Value Unit
(Rail (UIC 60
Bending stiffness (steel) E, 6.65*10° pam?
Mass per length my 60.34 kgm'*
Slab
Bending stiffness (concrete) E, 233.3*10° pam*
Mass per length m, 3500 kgm*
Rail pad
Stiffness K, 40*10° Nm-2
Viscous damping Cy 6.3*10° Ns m
Slab Bearing
Viscous damping C, 41.8*10° Ns m
Table 3. Parameter values used for sensitivity analysis of slab track
Item Notation Value Unit
Slab thickness d 0.2,0.3,04 m
Foundation stiffness Ky 25, 50, 70, 110 MPa
Axle load P 11,14.5,20 ton

Rl defection (m)

Siab hesghtim}

Figure 5. Variation of rail deflection with slab thickness, K, = 50 MPa, P=11 ton

International Journal of Transportation Engineering,
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. Blab hearing stiffness = 25
slah bearing stiffness=70
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Figure 6. Variation of rail deflection versus slab thickness, (a) axle load=11 ton (b) axle load=14.5 ton (c) axle load=20

An increase in slab foundation stiffness from 25 to 50
Mpa (slab thickness and axle load equal to 0.2 m and
11 ton, respectively) can cause a decrease of 0.5% in
the rail deflection and an increase of slab foundation
stiffness from 25 to 70 MPa and 25 to 110 MPa would
decrease the rail deflection by 0.8 % and 1.3%, respec-
tively.

The effect of value of axle load which is moving along
the rail is illustrated in Figs .6(a) - (c). The amplitude
of the load is considered vary as 10, 14.5 and 20 ton.
Sensitivity analysis results on the axle load shows that
increasing in the axle load from 10 to 14.5 ton (k, equal
to 50 MPa and slab thickness equal to 0.2 m) increases
the rail deflection by 34%. Also an increasing of axle
load from 10 to 20 ton can cause an increase of 41.5 %
in the rail deflection. Figure 7 shows the variation of
rail deflection with axle load in the middle of the rail.
Figure 8 shows the variation of rail bending moment
versus slab thickness. As it shown, by increasing the
slab thickness, rail bending is reduced (for constant
slab foundation stiffness). In other hand, by increasing

International Journal of Transportation Engineering,
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the K, ,the rail bending moment is increased (while the
slab thickness is increased).

As shown in Figure 9, by increasing the slab thickness,
the defelction of slab is decreased. Figure9.a shows
that an increase in slab thickness, from 0.2 to 0.3 meter
(assuming the k, equal to 50 MPa), can decrease the
slab deflection by 13.7% and an the increase in slab
thickness from 0.2 to 0.4 meter can decreases the slab
deflection by 25.7 %. The above variations about slab
thickness were calculated for 14.5 ton axle load (Fig
9.b) and 20 ton axle load (Fig 9.c). So, the variation
is equal to 13.72% and 25.7% and 13.6% and 25.5%,
respectively.

An increase in slab foundation stiffness from 25 to 50
Mpa (assuming the slab thickness and axle load equal
to 0.2 m and 11 ton, respectively) would cause a de-
crease of 11% in the slab deflection and an increase of
slab foundation stiffness from 25 to 70 MPa and 25 to
110 MPa would produce a decrease of 19 % and 30%
in the slab deflection, respectively.

The effect of value of axle load which is moving along
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the rail is illustrated in Figs. 9(a)-(c). The amplitude Slab bending moment is one of the most important pa-
of the load is considered to be 10, 14.5 and 20 ton. rameters in slab track design. Figure 10 represents the
Sensitivity analysis on the axle load shows that an variation of this parameter versus slab thickness, slab
increasing in the axle load, from 10 to 14.5 ton (as- foundation stiffness and axle load. By increasing the slab
suming the k, equal to 50 MPa and slab thickness thickness, the bending moment of slab is increased. In-
equal to 0.2 m) would cause an increase of 34% in deed, increasing the slab foundation stiffness decreases
the slab deflection. Also increasing of axle load from the slab bending moment. It is obvious that by increasing
10 to 20 ton would increase the slab deflection by the axle load, the slab bending moment is increased.

41 %.

Fail Drvsplacement {m)

Figure 7. Variation of rail displacement with axle load, d=0.2 m, k2=50 MPa
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Figure 8. Variation of rail bending moment with slab thickness for (a) axle load=11 ton (b) axle load=14.5 ton (c) axle
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Figure 9. Variation of slab deflection with slab thickness for (a) axle load=11 ton(b) axle load=14.5 ton (c) axle load=20
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5. Conclusion

The dynamic behaviour of slab track has been inves-

tigated by finite element method. The track has mod-

elled by double beam theory. The rail and slab have
been modelled by Euler-Bernoulli beam formulation.

The rail pads and track bed have also been simulat-

ed with springs and dashpots. The loading condition

has introduced by a moving wagon which it has been
modelled by FEM including ten degree of freedom.

Consequently, the effect of technical and operational

parameters on slab track behaviour has been inves-

tigated by extensive sensitivity analyses. The main
findings of the research can be presented as follows:

¢ An increase in the slab thickness, from 0.2 to 0.3
meter (assuming k, equal to 50 MPa and axle
load equal to 11 ton), would cause a decrease of
0.36% in the rail deflection while increasing of
slab thickness from 0.2 to 0.4 meter would de-
crease the rail deflection by 0.72 %. These values
respectively change to 13.7% and 25.7% in the
case of slab deflection.

* Increase in axle load, from 10 to 14.5 ton (suppos-
ing k, equal to 50 MPa and slab thickness equal to
0.2 m) cause an increase of 34% in the rail deflec-
tion. Also the increasing of axle load from 10 to
20 ton would produce an increase of 41.5 % in the
rail deflection. These values respectively change
to 34% and 41% for slab deflection.

*  Rail bending moment decreases due to increase in
slab thickness, but by increasing the slab founda-
tion stiffness the rail bending moment increases
by increase in slab thickness.

e Overall, by increasing the slab thickness, its
bending moment increases.
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APPENDIX

Dynamic Response of the Coupled Vehicle-Floating Slab Track ...

In the following, the equation motions of vehicle are listed:

Carbody

First bogie

Second
bogie

1t Wheel

2% Wheel

3t Wheel

4t Wheel

Vertical

yawing

Vertical

yawing

Vertical

yawing

Vertical

McZe +Ks(Ze = Zyy) + K (Zg = Z1p) +Cs(Z - Zy) + Cs(Ze ~ Z1p) =0
JeWe + Ksle(ewe — Zu) + Kl (lewe + Zi2) + Csle (leye — Zyg) +
Csle(eyc +Z12) =0

MiZy + Ke(Zg ~ Ze = Wele) + Kw(Zu = Zun) + Kw(Z — Zyo) +
Ci(Zu—Zc —vele) + Cu(Zy —Zwg) + Cu(Zyg = Zyp) =0

It + Kl (g = Zya) + K ple (e + Zw) + Cpl (i — Zn)
+Cph (I +Zy2) =0

MiZip +Ks(Zig = Ze +vcle) + Kp(Zig = Zyz) + Kp(Zig = Zywa) +
+Cs(Zta = Z = ¥cle) +Cp(Ztz = Zus) + Cp (Zea — Zyya) =0

Ity + Kl (i = Zs) + K ple (lwio + Zya) + Cple (ip — Zyz) +
+Coplt (tytp + Zyya) = 0

MwZwg +Kp(Zwa = Za — i) + Cp(Zwa — Zy — ) + Fn () =0
MyZwz + K p(Zw2 —Zu+hy)+Cp (Zwo —Zyg + ) + Ry () =0
MwZws +Kp(Zys = Ziz = hiwi2) +Cp(Zys — Ziz — i) + Fus () =0

MwZwa +Kp(Zya = Zig +liwi2) +Cp(Zwa — Ziz +lwit2) + Fya(t) =0
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